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ABSTRACT
In this work, we present a numerical solution for laminar
and turbulent convective heat transfer in a backward-facing step
channel through a porous insert. In addition to the NavierStokes equation for the fluid region, Brinkman-Forchheimerextended Darcy’s equation is introduced into the numerical
solver to model the porous medium. In the turbulent flow
scenarios, we use a two-equation k-ε model with wall function
for both the fluid region and the porous medium. The results
obtained from the present study concur with existing
benchmarks. For the turbulent flow results, it is observed that
the amount of flow resistance offered by the porous insert is
more heavily dependent on its width than the permeability.
INTRODUCTION
The study of flow in porous media has received the
attention of many inquiring minds for more than a century.
Darcy [5] began the whole movement with his then-empirical
relationship. Deviations due to form drag were addressed and
rectified by Forchheimer [6], while Brinkman [4] extended
Darcy’s model for high-porosity media.
Following Wooding [20], who introduced convective
effects into the porous media model, the governing equations
somewhat resemble the Navier-Stokes equations. Beckermann
et al. [3] were amongst the first to solve these equations, using
conventional CFD techniques, in two dimensions. Their model
could at least predict the trends with reasonable accuracy.
Vafai and Tien [17] noted a discrepancy in Wooding’s
equations. While the Darcy and Forchheimer terms were
introduced based on a volume-averaged (seepage) velocity, the
convective and Brinkman components were inspired by an

instantaneous fluid (pore) velocity. They also made the
appropriate adjustments for the two velocity scales, based on
the porosity of the porous medium. Whitaker [19] later
confirmed the observation in his formal and rigorous derivation
of Darcy’s law and Brinkman’s extension from the NavierStokes equations alone.
Though turbulent modelling is still a subject of debate, it is
clear, from works such as Ward [18] and MacDonald et. al.
[12], that turbulence exists in porous media flow. Aside from
its academic value, there are also many practical applications,
from combustion to electronic cooling. Much of the research in
this area is still in its infancy, however.
While there are many renowned turbulence models, only a
handful account for the presence of porous media. This
motivates the present investigation, allowing us to exploit
opportunities for further improvement.
The turbulent model of interest is a k-ε model based on the
formulations by Lee and Howell [10] and Antohe and Lage [1].
It is then incorporated into the STREAM code applied to a
turbulent flow over a backward-facing step [11]. Due to the
lack of experimental data for a turbulent flow through a backstep channel with porous insert, validations were established
through laminar test cases from Gartling [7], Le and Moin [9],
and Martin et al. [13], Peri` et al. [16], and Zhang and Zhao
[21]. The trustworthiness of the present predictions is then
inferred from these results.
NOMENCLATURE
a
Cµ

1

Width of porous insert [m]
Constant for turbulent viscosity []
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Cε1
Cε2
DaH
F
H
i, j
k
P
p
p´
Pr
Rα
Rν
ReH
t
U
u
u´
x, y

Constant for turbulent dissipation rate production []
Constant for turbulent dissipation rate destruction []
Darcy number based on channel height []
Forchheimer number []
Height of channel [m]
Cartesian tensor indices[]
Turbulent kinetic energy [m2⋅s-2]
Fluid pressure [Pa]
Turbulent mean fluid pressure [Pa]
Turbulent fluid pressure fluctuation [Pa]
Prandtl number []
Ratio between effective and fluid α []
Ratio between effective and fluid ν []
Reynolds number based on channel height []
Time [s]
Fluid / seepage velocity [m⋅s-1]
Turbulent mean fluid / seepage velocity [m⋅s-1]
Turbulent fluid / seepage velocity fluctuation [m⋅s-1]
Cartesian co-ordinates [m]

Greek Symbols
ε
φ
κ
ν
νeff
νT
ρ
σk
σε

Dissipation rate of turbulent kinetic energy [m2⋅s-3]
Porous media porosity []
Porous media permeability [m2]
Fluid kinematic viscosity [m2⋅s-1]
Effective kinematic viscosity [m2⋅s-1]
Eddy viscosity [m2⋅s-1]
Fluid density [kg⋅m-3]
Turbulent Prandtl number for k []
Turbulent Prandtl number for ε []

[16] also performed an extensive numerical study for the same
case undergoing turbulence.
Governing Equations – Laminar Flow
For completeness, below are the governing equations for
incompressible flow in the fluid region:
∂U j
∂x j

(1)

=0

∂U i
∂U i
∂ 2U i
1 ∂P
+U j
=−
+ν
∂t
∂x j
ρ ∂xi
∂x j ∂x j

(2)

In the porous media region, however, we shall consider
Darcy’s Law [5], with Brinkman’s [4] and Forchheimer’s [6]
extensions.
Further, by analogy with the Navier-Stokes
equation, convective terms are also added to the porous media
flow equations.
It is noteworthy to mention that while the convective terms,
as well as Brinkman’s extension, are based on the fluid (pore)
velocity alone, Darcy’s Law and the Forchheimer term are
derived using a volume-averaged (seepage) velocity. Vafai and
Tien [17] proposed the relationship below between the two
velocity scales:
U j , pore = U j , seepage φ

(3)

In order to maintain consistency with the fluid region, the
governing equations in the porous media region are based on
the seepage velocity which is denoted as Uj (instead of Uj,seepage)
from now on. Hence, we have the following governing
equations for the porous media region:

Flow Geometry

∂U j

The problem under investigation consists of a channel with
a backward-facing step at the entry region (see Figure 1.) The
height of the back-step is half of that of the channel and it
extends to two channel heights before it opens to the flow. The
length of the full channel is long enough to let the flow become
fully developed at the outlet. A porous insert immediately
follows the back-step to provide some resistance to the flow.

∂x j

φ

(4)

=0

∂U i
∂U i
φ2 ∂P
∂ 2U i
ν F

+U j
=−
+ φRν ν
− φ2  +
U jU j U i
∂t
∂x j
ρ ∂xi
∂x j ∂x j
κ
κ


(5)

where Rν = ν eff ν ≈ 1 .
Though the presentation of the laminar flow equations is
elementary, they form the basis for their turbulent counterparts.

H/2
H
a

2H

30H

Figure 1: Set-up for a backward-facing step channel with a
porous insert after the step.
Numerical results for such flow geometry, with and without
the porous insert, are available from Gartling [7], Martin et al.
[13], and Zhao and Zhang [21] for laminar flow. Peri` et al.

Governing Equations – Turbulence in Fluid Region
We will now consider the turbulence modelling in the fluid
region. The k-ε model is chosen here due to its low
computational requirements. Let us first decompose the
turbulent velocity and pressure fields as means and fluctuations,
that is:
U j = u j + u′j , P = p + p ′

(6)

Next, we perform time-averaging on equations (1) and (2).
This gives rise to the Reynolds stress terms, which are modelled

2
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using the concept of eddy viscosity. The resulting equations
become:
∂u j
∂x j

=0

∂u i
∂u
1 ∂p
∂
+
+uj i = −
ρ ∂xi ∂x j
∂t
∂x j


 ∂u
∂u j
(ν + ν T ) i +

 ∂x j ∂xi


 − 2 ∂k
 3 ∂x i


was adopted. This results in the following governing equations
for turbulent flow in porous media:

(7)

∂u j

(8)

φ

∂x j

φ

2

(9)


νT
 ν +
σk


∂ε
∂ε
∂
+uj
=
∂t
∂x j ∂x j
C ε1

 ∂k 
∂ui  ∂ui ∂u j 

+
−ε
 + νT
∂
∂
x
x j  ∂x j ∂xi 
 j 


νT
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σε


∂u i
ε
νT
∂x j
k

 ∂ε 

+
 ∂x j 

 ∂u i ∂u j

+
 ∂x j ∂x i


(11)


 − Cε2 ε

k


with the single-value constants below, as proposed by Launder
and Spalding [8]:
C µ = 0.09 , Cε1 = 1.44 , Cε 2 = 1.92 , σ k = 1.0 , σ ε = 1.3

∂k
∂k
∂
+ uj
=φ
∂t
∂x j
∂x j

φ

(12)

term is the subject of interest.
Antohe and Lage [1] perform a local time average on the
Forchheimer term itself, which later gives rise to its
inconclusive contribution to the k and ε equations. Lee and
Howell [10], on the other hand, suggested using only the mean
velocity in the square-root term, that is, U jU j = u j u j .
Owed to its empirical origin, it is uncertain whether or not
the time-average process has been implicitly performed on the
Forchheimer’s term. Hence, the Lee and Howell’s approach

 ∂k 
∂ui  ∂ui ∂u j

+
 + νT
∂x j  ∂x j ∂xi
 ∂x j 


 − Rν ε −



(15)


νT  ∂ε 
ε ∂ui  ∂ui ∂u j 
−
+
 ν + 
 + Cε1 νT
∂
σ
∂x j  ∂x j ∂xi 
x
k

j
ε 

ε2
F
ν

Rν Cε 2 − 2φ2  +
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Antohe and Lage [1] argued that the pore size ultimately
restrains the size of the largest eddy within the porous matrix.
Assuming that the porous material is isotropic, this favours the
hypothesis of isotropic turbulence. This strengthens the support
in using the eddy viscosity model.
Initial, Boundary, & Interface Conditions
The velocity distribution at the channel inlet is chosen such
that the entrance average velocity is 1. Taking into account the
back-step, the following inlet profiles is valid between y = H/2
and y = H:

Governing Equations – Turbulence in Porous Region
The main issue surrounding turbulence modelling in porous
media flow is the local time-averaging process. While
Whitaker [19] derived Darcy’s Law and Brinkman’s extension
for any representative elementary volume, which infers the
possibility of local time-averaging, the same cannot be said for
the Forchheimer term, as it represents form drag [2]. In
particular, the treatment of the U jU j term in the Forchheimer
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Subsequently, we require transport equations for k and ε to
close the problem, which can be derived from equations (2) and
(8). Through appropriate modelling, the equations become:
∂k
∂k
∂
+ uj
=
∂t
∂x j ∂x j

∂u i
∂u i
φ 2 ∂p
∂
+uj
=−
+φ
∂t
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ν F
2 ∂k
− φ 2  +
3 ∂x i
κ
κ

where νT is known as the eddy viscosity. Meanwhile, k
represents the turbulent kinetic energy, and ε is its dissipation
rate. They are defined as follows:
k ,
u ′u ′
∂u ′ ∂u i′
ν T = Cµ
k = i i , ε=ν i
ε
2
∂x j ∂x j

(13)
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(17)

For the fluid flow, the no-slip boundary conditions are
imposed in both the channel walls and the step. Finally, the
flow at the interface between the fluid and the porous region
must be continuous. The presence of the Brinkman’s extension
and the convective terms in the porous media equation
eliminates the need for imposing an explicit interface condition
in this case [3, 14], since these terms also guarantee continuity
of the interfacial shear stress.
Numerical Solution Method
The present flow solver is based on the STREAM code
[11], designed for a general non-orthogonal grid with the
SIMPLE algorithm [15] for pressure correction. Modifications

3
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were made to accommodate turbulence and porous media
models.
Wall functions were used to approximate the near-wall
behaviour at high Reynolds number, whilst macroscopic
conservation principles are observed at the channel outlet. The
second-order linear upwind difference (LUDS) scheme was
used for approximating the advection. The computational
domain for the channel is covered by 100 × 60 control volumes.
The numerical solution is deemed convergent when the
magnitude of the accumulated residual goes below 10-3.
Laminar Flow Results
There are three benchmarks available for the back step
flow: Le and Moin [9], Gartling [7], and Zhang and Zhao [21].
The first two cases only include fluid flow, and the last one
includes effects of a porous insert at various thickness and
permeability. The following parameters were used throughout:
Re = 800, φ = 0.97, F = 0.1, H = 1.

Figure 3: Comparison of streamtraces for ReH =
between Gartling, top, and present study, bottom.

To conclude the validation, we have also compared our
results with those of Zhang and Zhao [21]. From Martin et al
[13], it is of practical interest to optimise the width of the
porous insert in order to reduce or even eliminate the recirculation zone. This, in turn, optimises between improved
heat transfer characteristics and head loss. In this case,
however, the re-circulation zone serves as a benchmark for the
present flow solver. Presented here are only cases where the recirculation zone is prominently featured, all at ReH = 800. The
present results, shown in Figure 4, Figure 5 and Figure 6, are in
good agreement with the benchmarks.

First, we consider the reattachment length without the
porous insert at different Reynolds numbers ( Re H = u H ν ).
The results are in excellent agreement with the results of Le and
Moin [9] (Figure 2). Note that Le and Moin used a Reynolds
number based on the maximum velocity (i.e., umax = 3u 2 ) and
the appropriate adjustment has been made here.
Next, let us concentrate on the case where ReH = 800,
where detailed results may be obtained from Gartling [7]. From
Figure 3 below, the present results predict the general flow
patterns very well. Gartling, however, reported that the
reattachment length of the lower-wall bubble is 6.1H, whilst it is
only 5.65H in the present study, which agrees well with Le and
Moin's prediction [9]. Nevertheless, a horizontal velocity
profile at x = 7H and x = 15H showed very good agreement
between the two studies.
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Figure 4: Comparison of streamwise velocity at x/H = 7 and
x/H = 15 with Gartling.
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Figure 2: Reattachment length as a function of Reynolds
number for laminar flows.

Figure 5: Comparison of streamtraces for DaH = 10-2 (top)
and 10-3 (bottom) between Zhang and Zhao and present
study for porous insert width a = 0.1 H.
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Figure 9: Streamtraces under a fully turbulent flow regime
at DaH = (a) 10-2 and (b) 10-3 with a porous insert width of a
= 0.2 H.
Summary and Conclusion
-2

Figure 6: Comparison of streamtraces for DaH = 10 (top)
and 10-3 (bottom) between Zhang and Zhao and present
study for porous insert width a = 0.2 H.
Turbulent Flow Results
For turbulent flow, we set ReH to 25 000 while the other
parameters remain unchanged. For validation, we obtain a
converged solution without the porous insert and compare the
results with Peri` et al. [16], who also employed the highReynolds number turbulent model with wall functions for their
flow calculation. They have reported a grid-independent reattachment length of 3.76 H. Our programme, on the other
hand, reported 3.6 H, under the same flow conditions. Given
the present grid distribution, both results are in very good
agreement. Figure 7 shows the corresponding streamtraces.

Figure 7: Streamtraces under a fully turbulent flow regime
with no porous insert. The re-attachment length is 3.6 H.
Afterwards, we reinstate the porous insert and execute the
four cases, as we have previously, under a turbulent flow
regime. The results are illustrated in Figure 8 and Figure 9. It
is noteworthy to mention that, for cases where the porous insert
is thin (a = 0.1H), the re-attachment length changes very little,
regardless the permeability of the porous insert. The influence
of the permeability becomes more apparent when the porous
insert becomes much thicker. The effects, however, are not still
as far-reaching as in the laminar case.

A turbulent model using wall function has been developed
to account for flow through a porous medium. The coupled
equations are successively solved using the SIMPLE algorithm.
The results are then compared with existing cases for laminar
and turbulent flow.
The laminar flow results agree extremely well with all the
presently cited cases.
As expected, the porous insert
successfully dampens the flow, greatly shrinking the recirculation zone. The effect is both immediate and notable,
either in the insert’s permeability or thickness. When the flow
is fully turbulent, however, the amount of resistance offered by
the insert is more heavily dependent on the thickness than
permeability. In particular, the porous insert has virtually no
influence on the flow if it is thin and highly permeable.
Future work will be focused on deriving the same
governing equations for the low-Reynolds number turbulence
model, as well as more extensive testing on a variety of
materials. Heat transfer results are currently being produced.
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