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Abstract

Two-dimensional Poisson-Boltzmann and momentum
equations are solved simultaneously to study the transient
characteristics of electro-osmotic pumping in a rectangular
microchannel. A finite difference scheme with variable grid
spacing is used to calculate electric potential distribution.
Time variations of velocity profiles are obtained by using a
combined ADI-TDMA technique.

Numerical solutions show significant influences of the
channel hydraulic diameter, the aspect ratio, and the ap-
plied voltage on the transient and steady state velocity fields
and the resulting volumetric flow rates. As the channel
hydraulic diameter is increased, it takes a longer period
for the flow to reach steady state condition. On the other
hand, as the channel aspect ratio deviates from the square,
a steady-state flow field is reached in a shorter period, and a
slightly larger flow can be obtained. The numerical results
also show that the steady state channel throughput is lin-
early increasing with the applied voltage along the channel
length.

1. Introduction

Recent developments in microfabrication technologies
have enabled a variety of miniaturized fluidic systems ca-
pable of performing various chemical and biological analy-
ses for medical, pharmaceutical, defense, and environmen-
tal monitoringapplications. Compared to their conventional
counterparts, microscale devices offer higher throughput,
shorter processing/analysis times, reduced sample volumes,
the possibility of in situ operations, and reduced operation
and manufacturing costs.

Over the past decade, microfluidic systems have re-
ceived growing attractions particularly in drug delivery ap-
plications, DNA analysis/sequencing systems, microscale

biological and chemical agent detection sensors, micro-
reactors for the analysis of biological cells, and cooling of
microelectronic systems.

Along with the necessary sensors and electronic units,
microfluidic systems consist of various fluid handling com-
ponents such as microchannels, pumps, and valves. Given
the small scales involved with these systems, there are some
shortcomings to conventional mechanical fluid propulsion
systems. For instance, microscale pumps have small mov-
ing parts which are difficult to manufacture and repair.
A non-mechanical alternative for moving liquids in mi-
crochannels is electro-osmotic pumping, which takes ad-
vantage of the electrical properties of the liquid to induce
flow. Electro-osmosis has a strong potential for use in mi-
crofluidic systems in which liquid pumping, handling, and
control can be achieved through selective applications of
electric fields, eliminating moving mechanical devices such
as valves and flow switches.

Probably the most important issue concerning electro-
osmotic pumping is its direct dependence on the applied
voltage. A high efficiency electro-osmotic pumping is
achieved at high electric fields. As the electric field strength
is increased the system reliability will degrade primarily
due to an increase in the system power consumption, safety
considerations, and the associated elevated solution temper-
ature (Joulean heating) as mentioned by Gad-el-Hak, 2002
[6]. However, electro-osmotic pumping is still an excel-
lent choice for microfluidic systems operating at very small
flow rates such as lab-on-a-chip systems. In these cases, it is
more effective if the liquid handling or drug delivery is car-
ried out precisely according to a predefined time-dependent
pattern. On the other hand, more useful therapies can be
achieved by adjusting the drug injection with time and elim-
inating the potential for both under- and overdosing.

The majority of the recently published papers stud-
ied electro-osmotic pumping under steady-state conditions.
However, it will be very useful to investigate the flow han-
dling performance of such systems under transient condi-



tions.
Motivated by the advances in fluid handling devices with

nonmoving components, the present study will address the
electro-osmotic driven flows in straight two-dimensional
channels under transient conditions. This paper is organized
as follows: first, the governing equations for the electro-
osmotic potential distribution will be presented. Next, the
governing equations for transient flow in a rectangular mi-
crochannel and the numerical solution techniques will be
given. Finally, the effect of different design and operating
parameters on the pumping efficiency and transient behav-
ior of the electro-osmotic pumping will be presented and
discussed.

2. Governing Equations

2.1. Electric Double Layer (EDL) and
Electro-osmosis

Most solid surfaces obtain a surface electric charge when
they are brought into contact with a polar liquid (elec-
trolyte). This may be due to ionization, ion adsorption or
ion dissolution [7]. The surface charges, in turn, influence
the ion distribution in the electrolyte. This phenomenon
is illustrated in Fig. 1. As seen in this figure, the attrac-
tion from the negative wall causes some of the positive
ions (so called counter-ions) to cluster immediately near the
wall forming a firm layer around the surface. This layer is
known as the Stern layer and has a typical thickness of one
ionic diameter. The ions within the Stern layer are attracted
firmly to the wall with strong electrostatic forces and are
practically immobile. Additional positive ions are still at-
tracted by the negative wall however, they are repelled by
the Stern layer as well as by other positive ions that are
also competing to approach the wall. This dynamic equi-
librium results in the formation of a Gouy-Chapman diffuse
layer of counter-ions where the concentration near the wall
is at the highest and decreases gradually with distance un-
til it reaches equilibrium with the counter-ion concentration
in the bulk solution [1]. The ions in this region are free
and available to impart work on the fluid. The plane sep-
arating the Stern and Gouy-Chapman layers is called the
shear plane. Likewise, the concentration of the negative
ions (co-ions) gradually increases with distance as the re-
pulsive forces of the wall are screened out by the positive
ions, until equilibrium is again reached.

The combination of the attached counter-ions in the
Stern layer and the charged region near the surface referred
to as the Electric Double Layer, EDL, exists in a very nar-
row region close to the wall. Within the EDL, counter-ions
and co-ions are preferentially distributed, such that the net
charge density is nonzero. The resulting electric potential is
maximum at the wall, drops rapidly through the Stern layer,

and gradually diminishes toward zero as the concentration
of positive and negative ions merge together at farther dis-
tances (Fig. 1). The potential at the shear plane, which is
also the boundary of the fluid flow problem, is called the
zeta potential, �. Because of the difficulties associated with
predicting the properties of the Stern layer, the � potential
is typically determined empirically from electro-osmotic or
streaming potential flow measurements [7].
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Figure 1. Charge density and ion concentra-
tion distributions in a typical EDL

If an electric field is applied along the length of the chan-
nel, an electrokinetic body force is exerted on the ions in the



diffuse layer of the EDL. The ions will move under the in-
fluence of the applied electrical field, pulling the liquid with
them and resulting in electro-osmotic flow as illustrated in
Fig. 2. The fluid movement is carried through to the rest of
the fluid in the channel by viscous forces. This phenomenon
is called electro-osmosis.

Figure 2. Electrokinetic body force acting on
a polar liquid

The electrokinetic effects were first discovered by Reuss
1809 [13] from an experimental investigation on porous
clay. In 1879, Helmholtz developed the EDL theory, re-
lating the electric and flow parameters for electrokinetic
transport. Guoy and Chapman modeled the region near
the surface as a diffuse double layer, where they linked the
non-uniform ion distribution to the competing electrical and
thermal diffusion forces [15]. Stern later presented the ba-
sis for the EDL theory, in which the Stern plane splits the
EDL into an inner, immobile, compact layer and an outer,
diffuse layer.

Earlier studies of EDL and electro-osmotic flows were
limited to systems with simple geometries, such as cylindri-
cal capillaries with circular cross sections or slit-type chan-
nels formed by two parallel plates [13, 14, 17]. However,
the channels in modern microfluidic devices and Micro-
Eelectro-Mechanical-Systems (MEMS) are made by mi-
crofabrication technologies with cross sections close to
rectangular shapes. In such situations, the EDL field is
two-dimensional and will affect the two-dimensional flow
field in the rectangular microchannel. In the past decade,
there have been numerous theoretical [9, 10], numerical
[2, 3, 5, 11, 19], and experimental [4, 8] studies on electro-
kinetic microflows. Almost all of the numerical work just
mentioned studied electro-osmotic pumping under steady-
state conditions.

To this end, a rectangular microchannel of width, �� ,
height, ��, and length, �, is considered to study transient
electro-osmotic pumping. With this geometry shown in
Fig. 3 both electric potential and velocity fields are symmet-
ric with respect to the channel centerline and the solution

domain can be limited to a quarter section of the channel.

Figure 3. A typical rectangular microchannel

The electric potential distribution due to the presence of
an EDL can be described by the non-dimensional Poisson-
Boltzmann equation [12],
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the non-dimensional variables are as follows:
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where the channel hydraulic diameter, 
� , and the so
called Debye-Huckle parameter, 	, are defined as
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The non-dimensional group, 1/	, is a measure of the
EDL thickness and is often referred to as the electrokinetic
diameter. �� is the valence of the dissolved ions, �� is the
ionic number concentration in the bulk solution, � is the fun-
damental electric charge, � is the dimensionless dielectric
constant of the solution, �� is the permittivity of vacuum,
�� is Boltzmann’s constant, and  is the absolute tempera-
ture. Therefore, the EDL thickness depends on the type of
dissolved ions, the electrolyte concentration, and the oper-
ating temperature.

Equation 1 is subject to the following boundary condi-
tions:
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2.2. Velocity Distribution in Rectangular
Microchannels

The electro-osmotic pumping efficiency can be obtained
with the knowledge of the liquid velocity distribution. The
Navier-Stokes equations for a laminar Newtonian liquid
flow with constant density, �, and viscosity, �, in a two-
dimensional horizontal channel under the influence of an
external electric force can be expressed as:
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In the absence of a pressure gradient, liquid flow is in-
duced only by the electrokinetic forces which are assummed
to be uniform along the channel. Under these conditions
flow is unidirectional and the non-linear advection terms
can be dropped out. In other words,
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and Eq. 8 is reduced to:
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where �� is the tangential electric force exerted externally
per unit fluid volume. This force is related to the charge
density, ��, and electric field strength, �� as:
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The charge density can be expressed in terms of the
Boltzmann distribution
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Since the fluid motion is initiated by the electrical body
force (the driving force) acting on the ions in the EDL,
electro-osmotic flow depends not only on the applied elec-
trical field but also on the net local charge density in the
liquid.

Other non-dimensional parameters are defined to trans-
form Eq. 10 into a dimensionless form as:
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Equation 13 is subject to the following initial and bound-
ary conditions
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The dimensionless group, � �, in Eq. 16 is the ratio of
the electrical to frictional forces per unit volume. Also, a
reference velocity, � , is used to nondimensionalize � in the
momentum equation. This reference velocity is considered
to be equal to 1 ���� throughout the calculations.

2.3. Solution Method

The EDL equation (Eq. 1) is a nonlinear partial dif-
ferential equation which must be solved numerically. In
the present work, a finite difference scheme with variable
grid spacing was developed to discretize the equation. The
resulting system of algebraic equations was solved using
Gauss-Seidel iterative technique. The resulting electric po-
tential distribution is then substituted into the momentum
equation (Eq. 13) which is also solved numerically to ob-
tain the flow distribution in the channel. An Alternating Di-
rection Implicit (ADI) technique combined with the TDMA
was utilized to obtain variations of velocity profiles with
time.

3 Results and Discussions

Non-dimensional EDL and Navier-Stokes equations
were solved simultaneously to identify the characteristics of
electro-osmotic flow in a rectangular microchannel. In this
section, the effects of different design and operating param-
eters on electro-osmotic pumping are studied. A dilute KCl
solution (�
��� ) at room temperature was chosen as the
working liquid for which � = 80 and � = 0.0009 � �� [18].
The experimentally measured zeta potentials were reported
to be 200 �! at this concentration [2].

The non-dimensional EDL profile, ������ ���, across a
very small corner section of a square channel (
� = 50



��) is shown in Fig. 4. Successive grid spacings were re-
duced by a factor of about 10% to condense the grid sizes
in the region near the channel wall, where the EDL effects
are most significant. As seen in this figure, the electric po-
tential is maximum at the wall surface and drops off rapidly
towards the channel center. In this case, the potential drops
to zero within the 10% of � or �. Along the channel di-
agonal, the thickness of EDL is slightly larger due to the
combined effect from both walls. Therefore, the external
electric field influences directly on this narrow region. The
thickness of this effective region is a strong function of the
channel dimension, and the solution concentration as indi-
cated in Eq.1.
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Figure 5a displays the variation of electric potential
along the main axes in the same square channel. The re-
sulting velocity profiles are also shown in Fig. 5b as a func-
tion of time. As expected, the presence of a large driv-
ing force near the channel wall causes the fluid particles
to move initially in the EDL. The flow in this region which
is induced directly by the electric force can be regarded as
the active flow as indicated in the figure. Fluid velocity in-
creases rapidly from zero at the wall (no-slip condition) to a
maximum near the wall, and then gradually drops off due to
significant reduction in the EDL strength. As time elapses,
momentum is continuously transferred from the active lay-
ers to the central fluid until a steady-state flow is attained.
The passive flow in the channel center, which is caused by
viscous drag forces, has a lower velocity compared with the
active flow near the wall. As seen from the figures, it takes a
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Figure 5. Transient velocity profile along
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relatively long time (about 30 s) for the flow to reach steady
state.

Figure 6 shows time variations of 3-D flow fields. The
contour plots clearly indicate the inception of a maximum
velocity in the channel corner and its evolution towards the
central areas. Numerical results have shown that the flow
velocity in the channel corner is always maximum during
the transient periods for all hydraulic diameters examined.

It is very useful to express the performance of electro-
osmotic pumping in terms of the volumetric flow rates. To-
tal flow rates can be calculated by integrating velocity dis-
tributions across the channel area as follows:
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In the following sections, effects of design and operating
parameters on the transient and steady state flow fields in a
microchannel will be studied.

3.1. Effect of Hydraulic Diameter

Hydraulic diameter has a strong effect on the transient
and steady state electro-osmotic pumping in microchan-
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nels. Hydraulic diameter not only affects the EDL thickness
(	
�), but also influences the strength of the viscous forces
(� ). Figure 7a shows time variations of volumetric flow
rate as a function of channel hydraulic diameter. As shown
in the figure, steady-state flow is maintained almost imme-
diately in the microchannels with small hydraulic diameters
(e.g. 10 � 20 ��). This is mainly because the momentum
has to penetrate into a very short distance. As the hydraulic
diameter is increased, a larger flow rate is obtained at the
cost of a longer transient time. This is an important issue
for applications in which a controlled flow delivery is re-
quired. Figure 7b also shows that as the channel hydraulic
diameter is increased, the average velocity is decreased.

3.2. Effect of Aspect Ratio

Design and fabrication flexibilities are among the impor-
tant concerns in microfluidic systems. One parameter of in-
terest in this category is the height-to-width ratio or simply
the cross sectional area aspect ratio, $%. With a rectangu-
lar microchannel not only the hydraulic diameter influences
the velocity profile but also the aspect ratio may have a sig-
nificant effect on the potential and flow fields.

The effect of the aspect ratio on the flow field and the
channel throughput will be investigated in this section. At
constant cross sectional areas (1,600 � 10,000 ���), the
aspect ratio, ���, has been changed incrementally from
square (1:1) to 1:10 to study its effect on the transient and
steady state flow rates.

The volumetric flow rate in a microchannel with a cross
sectional area of 2500 ��� is shown in Fig. 8. As shown in
this figure, when the aspect ratio is decreased, the steady
state flow field prevails in a shorter time. In addition a
slightly larger flow throughput is attained under steady state
conditions. This is again due to the smaller penetration
depth for the momentum, which is transferred from the wall
towards the channel center as pointed out, earlier.

The effect of aspect ratio on the channel throughput for
other cross sectional areas shows a similar trend. A sum-
mary of steady state flow rates and the percentage of in-
crease in flow rates are given in Table 1. The numerical
results clearly indicate that by decreasing the aspect ratio,
the flow throughput is increased regardless of the cross sec-
tional area however, the aspect ratio effect is the strongest
for smaller areas.

Numerical simulations showed that the channel orien-
tation has no effect on the channel throughput. This is in
agreement with the results reported by Arulanandam and Li
(2000) [2].
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3.3. Effect of Electric Field Strength

Electro-osmotic flow, as explained earlier, is the result
of a tangentially applied electric field on a channel in the
presence of an EDL. A direct relationship exists between
the applied voltage and the flow velocity as shown in the
governing equations. Thus, with all other parameters held
constant, there should be a linear variation in volumetric



Table 1. Effect of AR on the steady state flow rates in microchannels (�� � �
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1/10 0.1633 7.6 0.2509 6.5 0.4809 5.3 0.9575 4.9
1/6 0.1601 5.5 0.2461 4.5 0.4719 3.3 0.9463 3.7
1/4 0.1566 3.2 0.2419 2.7 0.4673 2.3 0.9392 2.9
1/2 0.1532 1.0 0.2375 0.9 0.4601 0.8 0.9246 1.3
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flow rate with the applied voltage along the microchannel.
This linear dependence has been experimentally observed
for electric fields strengths of up to �� �
� !�� [16].

Figure 9 shows the effect of applied voltage on the tran-
sient and steady state flow through a microchannel with a
square cross sectional area (
� = 50 ��). It is observed
that the steady state flow is increased linearly with the ap-
plied voltage. So, when larger pumping flow rates are re-
quired, larger voltages would seem to be a better choice.
However, this is always a limitation for portable micro sys-
tems. In addition, the higher electric field strengths may
lead to an increase in fluid temperature as pointed out ear-
lier.
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4. Conclusions

Two-dimensional Poisson-Boltzmann and momentum
equations were solved simultaneously to study the transient
characteristics of electro-osmotic pumping in a rectangular
microchannel. Numerical solutions show significant influ-
ences of the channel hydraulic diameter, the aspect ratio,
and the applied voltage on the volumetric flow rates under
transient and steady state conditions. As the channel hy-
draulic diameter is increased, it takes a longer period for
the flow to become steady state. On the other hand, as the
channel aspect ratio deviates from the square, a steady-state
flow field is reached in a shorter period, and a slightly larger
flow can be obtained. This is an important finding for mi-
crofluidic systems with large hydraulic diameters operating



under unsteady conditions. The numerical results also show
that the steady state channel throughput is linearly increas-
ing with the applied voltage along the channel length.

5. Nomenclature


� hydraulic diameter [�]
� fundamental electric charge [���
��������� ']
� electric field strength [!��]
� force [( ]
� channel half height [�]
�� Boltzmann constant [������ �
��� )�*]
� channel length [�]
� dimensionless group defined in Eq. 16 [ ]
�� bulk ionic number concentration [���]
� pressure [� ]
" volumetric flow rate [����]
 temperature [*]
� velocity [���]
� reference velocity [���]
! voltage [! ]
� channel half width [�]
+ x-direction [�]
� y-direction [�]
� z-direction [�]
�� valance of the dissolved ions [ ]

Greek Letters

� dimensionless dielectric constant [ ]
�� permittivity of vacuum [����� �
��� '��(���]
� zeta potential [! ]
	 dimensionless group defined in Eq. 5
� viscosity [� ��]
� density [�,���]
� potential [! ]
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