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Abstract
Analytical models are presented for determining
heat transfer from in-line and staggered pin-ﬁn heat
sinks used in electronic packaging applications. The
heat transfer coeﬃcient for the heat sink and the average temperature for the ﬂuid inside the heat sink are
obtained from an energy balance over a control volume. In addition, friction coeﬃcient models for both
arrangements are developed from published data. The
eﬀects of thermal conductivity on the thermal performance are also examined. All models can be applied
over a wide range of heat sink parameters and are suitable for use in the design of pin-ﬁn heat sinks. The
present models are in good agreement with existing experimental/numerical data.
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area [m2 ]
speciﬁc heat of ﬂuid, J/kg · K
pin diameter [m]
friction factor
pin height [m]
heat transfer coeﬃcient [W/m2 K]
correction factor
thermal conductivity [W/mK]
coeﬃcient of contraction
coeﬃcient of expansion
length of heat sink in ﬂow direction
[m]
ﬁn performance parameter [m−1 ]
mass ﬂow rate of air [kg/s]
total number of pins in heat sink
≡ NT NL
number of rows in streamwise
direction
number of rows in spanwise
direction
Nusselt number based on pin
diameter
Prandtl number ≡ cp µ/k
heat ﬂow rate [W ]
resistance [0 C/W ]
Reynolds number ≡ DUmax /ν
dimensionless diagonal pitch ≡ SD /D
dimensionless streamwise pitch ≡ SL /D
dimensionless spanwise pitch ≡ ST /D
diagonal pitch [m]
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SL =
ST =
T
=
t
=
U
=
W =
Greek

pin spacing in streamwise direction [m]
pin spacing in spanwise direction [m]
absolute temperature [K]
thickness [m]
velocity of air [m/s]
width of heat sink [m]

∆P = pressure drop [P a]
γ
= slenderness ratio ≡ H/D
µ
= absolute viscosity of ﬂuid [kg/m s]
ν
= kinematic viscosity of ﬂuid [m2 /s]
ρ
= ﬂuid density [kg/m3 ]
Subscripts
app
= approach
a
= ambient
b
= exposed surface of base plate
max = max
w
= wall
f
= ﬂuid
fin
= single ﬁn
hs
= heat sink
m
= bulk material
1. Introduction
Heat sinks are the most common thermal management hardware used in micro- and opto-electronics.
They improve the thermal control of electronic components, assemblies, and modules by enhancing their
surface area through the use of pin-ﬁns. Applications
utilizing pin-ﬁn heat sinks for cooling of electronics
have increased signiﬁcantly during the last few decades
due to an increase in heat ﬂux densities and product
miniaturization. To the author’s knowledge, no analytical/experimental/numerical work exists for the ﬂuid
friction for pin-ﬁn heat sinks. However, many experimental/numerical studies regarding ﬂow across tube
banks exists in literature. Due to similarities between
the geometry of a heat exchanger tube bundle and pinﬁn arrays, previous work related to tube banks provides
some guidance in modeling ﬂuid ﬂow in pin-ﬁn heat
sinks.
1.1 Previous Work
Chilton and Genereaux [1], Grimison [2], Jakob [3],
and Gunter and Shaw [4] reviewed the existing data
obtained by a number of authors including Bergelin et.
al [5], Norris and Spoﬀord [6], Huge [7], Pierson [8],
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and Wallis and White [9] on the pressure drop across
tube banks and proposed diﬀerent correlations of friction factors for both in-line and staggered arrangements
in terms of Reynolds numbers. Žukauskas and Ulinskas
[10] recommended more than 30 empirical correlations
for friction factors based on arrangement, Reynolds
number and longitudinal and transverse pitches. In this
study, these correlations are ﬁtted to give simple correlations for each arrangement in terms of ST , SL , and
ReD .
Dvinsky et. al [11], Jung and Maveety [12], You
and Chang [13], Wang and Sangani [14], and Wung
and Chen [15] performed numerical studies to model
the heat transfer characteristics of pin-ﬁn array heat
exchangers. Some authors proposed Nusselt number
correlations for a limited range of conﬁgurations and
Reynolds numbers.
Tahat et. al [16, 17], Maudgal and Sunderland [18],
Wirtz et. al [19], Babus’Haq et. al [20], Azar and Mandrone [21], and Minakami and Iwasaki [22] performed
experimental studies and proposed empirical correlations. Van Fossen [23] and Metzger et al. [24 - 26] have
done similar but independent studies of short pin-ﬁn
arrays with various aspect ratios and spacings for the
staggered array. Armstrong and Winstanley [27] presented a review of works speciﬁcally on short pin ﬁn
arrays. They showed that not only is the existence of
an active bounding wall a signiﬁcant departure from the
classical tube bundle situations, but also that the heat
transfer from the pins themselves is lower than from
long pin ﬁns/cylinders. Hamilton et al. [28] used a 3-D
ﬁnite element based numerical simulation to model the
heat transfer characteristics of a staggered short pinﬁn array heat exchanger. The simulation was validated
against available experimental data, and then used to
estimate overall array averaged heat transfer coeﬃcient
and pressure drop for various pin-ﬁn conﬁgurations and
Reynolds numbers. They proposed a correlation similar in form as by Grimisom [2] and Žukauskas and
Ulinskas [10] for a limited range of conﬁgurations and
Reynolds numbers. Their correlation works only for
3500 < ReDmax < 14000.
Several other empirical models of heat transfer from
tube banks in crossﬂow have also been reported in the
literature. Grimisom [2] and Žukauskas and Ulinskas
[10] are the main contributors in this regard. Their
models are available in tabular form in many heat
transfer text books (Holman [29], Kreith [30] and Incropera and DeWitt [31]. It is important to note that all
those models were developed for a speciﬁc ﬂuid, longitudinal and transverse pitches, Reynolds and Prandtl
numbers. The user can not extrapolate those correlations over a wide range of operating conditions often found in existing heat exchangers. Those correlations lead to unrealistic predictions, discontinuities
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and numerical diﬃculties if they are used outside the
range for which they were developed. In order to avoid
these problems new comprehensive models are developed that can be used for a wide range of parameters
discussed above. In developing these models, it is assumed that the ﬂow is steady, laminar, and fully developed.
2. Analysis
2.1 Geometry
Heat sinks, used in microelectronics, usually consist
of arrays of pin-ﬁns arranged in an in-line or staggered
manner as shown in Figs. 1 and 2. The pins are attached to a common base and the geometry of the array
is determined by the pin dimensions, number of pins
and pin arrangement.

SL

D

Uapp, Ta

W

ST
L
Figure 1 Schematic of In-Line Arrangement

The geometry of an in-line pin-ﬁn heat sink is
shown in Fig. 3. The dimensions of the baseplate are
L × W × tb , where L is the length in the streamwise
direction, W is the width, and tb is the thickness. Each
pin ﬁn has diameter D and height H. The longitudinal
and transverse pitches are SL and ST respectively. The
approach velocity of the air is Uapp . The direction of the
ﬂow is parallel to the x-axis. The baseplate is kept at
constant temperature T b and the top surface (y = H)
of the pins is adiabatic. The average local wall temperature of the pin surface is T w (x). The heat source
is idealized as a constant heat ﬂux boundary condition
at the bottom surface of the baseplate. The mean temperature of the heat source is T s . It is assumed that
the heat sink is fully shrouded and the heat source is
situated at the center of the baseplate.
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For the thermal boundary conditions, adiabatic boundary conditions are applied to all boundaries except the
heat sink baseplate. At the inlet, the ﬂuid temperature
is equal to the ambient temperature, that is
T = Ta |x = 0, 0 ≤y ≤H, 0 ≤z ≤W
whereas, at the exit,

W

T = T0 |x = L, 0 ≤y ≤H, 0 ≤z ≤W

ST

L
Figure 2 Schematic of Staggered Arrangement
It is assumed that the ﬂuid temperature is averaged
over the height of the heat sink, with T f = T f (x),
so the ﬂuid temperature T f (x) is the bulk mean ﬂuid
temperature. Fully developed heat and ﬂuid ﬂow are
assumed in the analysis, and the thermophysical properties are taken to be temperature independent.

CV
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Qb
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L
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where Uapp is the approach velocity, SL , and ST are
the dimensionless
longitudinal and transverse pitches,

and SD = SL2 + (ST /2)2 is the dimensionless diagonal pitch in the case of a staggered arrangement.
2.4 Average Heat Transfer Coeﬃcient for Heat
Sink
If the base temperature of the heat sink T b is averaged and assumed to be constant, the energy balance
for the control volume (Fig. 3) is

y
with

Figure 3 Geometry of In-Line Pin-Fin Heat
Sink
2.2 Boundary Conditions
The boundary conditions for the heat sink under
consideration can be speciﬁed as follows. For the hydrodynamic boundary conditions, the velocity is zero
at all boundaries of the pins except the inlet and outlet. A uniform approach velocity Uapp is applied at the
inlet:
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2.3 Reference Velocity
The mean velocity in the minimum free cross section
between two rows, Umax , is used as a reference velocity
in the calculations of ﬂuid ﬂow and heat transfer for
both types of arrangements, and is given by:


ST
ST
(4)
Uapp ,
Uapp
Umax = max
ST − 1
SD − 1

where

z
x

H

T0

(2)

πD2
N Afin + LW − N
4
πDH
πD2
LW − N
4
tanh(mH)
 mH
4hfin
kD
NL NT
T b − Ta


(9)
(10)
(11)
(12)
(13)
(14)
(15)

The mean heat transfer coeﬃcients hfin and hb for the
baseplate and the pin-ﬁn arrays are obtained by Khan
[32] and are written as

ST − 1
0.75kf
1/2
ReD P r 1/3 (16)
hb =
D
NL SL ST
hfin

=

C1 kf 1/2 1/3
(17)
ReD P r
D
21st IEEE SEMI-THERM Symposium

SL

where C1 is a constant which depends upon the longitudinal and transverse pitches, arrangement of the
pins, and thermal boundary conditions. For isothermal
boundary condition, it is given by
C1 = [0.2 + exp(−0.55SL)]ST

0.285

SL 0.212

ST

for in-line arrangement, and
0.61 ST 0.091SL 0.053
C1 =
[1 − 2 exp (−1.09 SL)]

U app

(18a)

(18b)

z

D

x

for staggered arrangement.
Combining Eqs. (6)-(17), Eq. (5) can be solved for
the average heat transfer coeﬃcient of the heat sink
hhs = C2

kf 1/2 1/3
Re P r
D D

(19)

where C2 is a constant and for both pin-ﬁn arrangements, it is written as:

ST − 1 
π
ST SL −
C1 πγηfin + 0.75
NL SL ST
4
(20)
C2 =
π(γ − 1/4) + ST SL
and γ = H/D is the aspect ratio of the ﬁn. Thus the
dimensionless heat transfer coeﬃcient for the heat sink
may be expressed as
N uDhs =

hhs D
1/2
= C2 ReD P r 1/3
kf

(22)

where ṁ is the mass ﬂow rate of air and dQ is the heat
ﬂow coming from the ﬁn and the exposed (unﬁnned)
surface of the baseplate and they are given by:
ṁ

= ρUapp NT ST H

dQ = dQfin + dQb

D

ST

T f ( x + ∆x)

∆x

dQin

T f (x)

z

x

(21)

2.5 Average Fluid Temperature
An energy balance for the control volume of length
∆x (Fig. 4) gives
ṁcp [Tf (x + ∆x) − Tf (x)] = dQ

dQout

T f ( x + ∆x)

H dQout

T f (x)
dQin
y

dQb dQ fin

(23)
(24)

Equation (22) can be simpliﬁed and integrated to give
the ﬂuid temperature Tf (x) at any position inside the
heat sink.


(hA)hs  x 
(25)
Tf (x) = T b − (T b − Ta ) · exp −
·
ṁcp
L
Therefore, the average ﬂuid temperature inside the heat
sink will be


ṁcp
·
(26)
T f = T b − (T b − Ta )
(hA)hs



(hA)hs
1 − exp −
ṁcp
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x

∆x
Figure 4 Control Volume for Energy Balance
The air temperature leaving the heat sink can be determined from Eq. (25) by using Tf (x) = T0 at x = L:


(hA)hs
To = T b − (T b − Ta ) · exp −
ṁcp

(27)

2.6 Heat Sink Resistance
Assuming that the entire baseplate is fully covered
with electronic components, and the ﬁns are machined
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as an integral part of the baseplate, the thermal resistance of the heat sink can be written as
Rth

=

1
N
1
+
Rfin
Rb

+ Rm

1
(hAη)fin

(29)

Rb is the thermal resistance of the exposed surface of
the baseplate, i.e.,


Rb =

1

hb LW − N

πD2
4



(30)

and Rm is the bulk resistance of the baseplate material
and is given by
tb
Rm =
(31)
kLW
where k is the thermal conductivity of the baseplate,
hb and hfin are the mean heat transfer coeﬃcients for
the ﬁn array and the baseplate and can be determined
from Eqs. (16) and (17) respectively.
2.7 Heat Sink Pressure Drop
For a heat sink, the total pressure drop is given by
∆Ptot

=

∆P1−a + ∆Pa−b + ∆Pb−2

(32)

where ∆P1−a is the pressure drop due to the irreversible
free expansion that always follows the abrupt contraction, ∆Pa−b is the pressure loss due to core friction,
and ∆Pb−2 is the pressure loss associated with the irreversible free expansion and momentum changes following an abrupt expansion. These pressure drops can be
written as:
∆P1−a

=

∆Pb−2

=

∆Pa−b

=

2
ρUmax
kc ·
2
2
ρUmax
ke ·
2
2
ρUmax
fNL ·
2

σ=

(28)

where N is the total number of pin-ﬁns, Rfin is the
thermal resistance of the ﬁn and is given by
Rfin =

with

(33)
(34)
(35)

where kc and ke are the abrupt contraction and abrupt
expansion coeﬃcients respectively, f is the friction factor, and NL is the number of pins in the longitudinal
direction. The coeﬃcients of abrupt contraction and
expansion have been established graphically by Kays
[33] for a number of geometries. The following correlations are derived from those graphs:
kc

= −0.0311σ 2 − .3722σ + 1.0676

(36)

ke

= 0.9301σ 2 − 2.5746σ + 0.973

(37)

Khan, Modeling of Cylindrical Pin-Fin Heat Sinks

ST − 1
ST

(38)

Žukauskas and Ulinskas [10] collected data, from a
variety of sources, about friction factors for the ﬂow
through in-line and staggered arrays having many rows
and plotted them in the form Eu/K1 versus ReD ,
where Eu is the dimensionless pressure drop and K1
is a parameter accounting for geometry. They ﬁtted
these plots by inverse power series relationships and
recommended several correlations depending on of SL ,
ST and ReD . They also ﬁtted and recommended several correlations for the correction factors for the pressure drop with small number of rows. These authors
combined all the recommended correlations for pressure drop and their correction factors separately and
developed single correlations for the friction factors and
correction factors for each arrangement. These correlations can be used for any pitch and Reynolds number
in the laminar ﬂow range. They are given by
f = K1 0.233 + 45.78/(ST − 1)1.1 ReD

(39a)

for in-line arrangement, and
13.1/ST

f = K1 378.6/ST

1.29
0.68/ST

/ReD

(39b)

for staggered arrangement. K1 is a correction factor
depending upon the ﬂow geometry and arrangement of
the pins. It is given by


ST − 1
K1 = 1.009
SL − 1

1.09/Re0.0553
D
(40a)

for in-line arrangement, and
K1 = 1.175(SL/ST Re0.3124
) + 0.5Re0.0807
D
D

(40b)

for staggered arrangement.
3. Results and Discussion
The dimensions given in Table 1 are used as the default case for the modeling of both in-line and staggered
pin-ﬁn heat sinks. The air properties are evaluated at
the ambient temperature. The results obtained for both
in-line and staggered arrangements are shown in Table
2. It is clear from Table 2 that the in-line arrangement gives higher heat sink resistance and lower pressure drop than the staggered arrangement. As a result,
the average heat transfer coeﬃcient is lower and the
baseplate temperature is higher for the in-line arrangement. It means that, under the same situation, staggered arrangement gives better thermal performance at
the cost of higher pressure drop.
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temperature of the air decreases. The same behavior
can be observed for staggered arrangement.
Figure 7 shows the total pressure drop versus approach velocity for diﬀerent pin diameters in an in-line
arrangement. The pressure drop increases with approach velocity and pin diameter. For small approach
velocities and pin diameters, there is no appreciable
change in the pressure drop. However, as the approach
velocity and the pin diameter increase, the diﬀerence
in pressure drops increase.

70
In-Line
Staggered

60

T f (x)

50

40

30
300
20

D (mm)
0

5
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20

25

Figure 5 Temperature Distribution of Air in
Pin-Fin Heat Sink

200

Figure 5 shows the temperature distributions of air in
the heat sink for both arrangements. The baseplate is
kept at constant temperature T b . No appreciable effect of pin-ﬁn arrangements on the temperature of air
could be found in the entrance region. However, as the
distance from the inlet increases, the in-line arrangement shows higher temperature up to the exit. This
is mainly due to higher thermal resistance oﬀered by
in-line arrangement.
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Figure 7 Pressure Drop as Function of Uapp
and D
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Figure 6 Temperature of Air Leaving Heat
Sink as Function of Uapp and NT
The variation of air temperature at the exit versus
approach velocity for diﬀerent number of pins NT in the
in-line arrangement is shown in Fig. 6. As expected,
the temperature of the air leaving the heat sink decreases with increasing approach velocity and number
of transverse rows. As number of pins increases, the
heat transfer surface area increases and as a result the
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Figure 8 Pressure Drop as Function of Uapp
and NL
Figure 8 shows the same trend of pressure drop for different number of pins in the ﬂow direction. In both
cases, whether pin diameter or number of pins increase,
hydraulic resistance increases and as a result the pressure drop increases.
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Table 1:

Dimensions Used for Modeling of Pin-Fin Heat Sinks

Quantity
Footprint (mm2 )
Heat Source Dimensions (mm2 )
Baseplate Thickness (mm)
Pin Diameter (mm)
Overall Height of Heat Sink (mm)
Number of Pins (In-Line) NT × NL
Number of Pins (Staggered) NT × NL
Approach Velocity (m/s)
Thermal Conductivity of Solid (W/m · K)
Thermal Conductivity of Air (W/m · K)
Density of Air (kg/m3 )
Speciﬁc Heat of Air (J/kg · K)
Kinematic Viscosity (m2 /s)
Prandtl Number (Air)
Heat Load (W )
Ambient Temperature (0 C)

Table 2:

Dimension
25.4 × 25.4
25.4 × 25.4
2
2
12
7×7
8×7
3
180
0.026
1.1614
1007
1.58 × 10−5
0.71
50
27

Results of In-Line and Staggered Heat Sinks

Quantity
Thermal Resistance (0 C/W )
Average Heat Transfer Coeﬃcient (W/m2 · K)
Pressure Drop (P a)
Average Fluid Temperature (0 C)
Average Baseplate Temperature (0 C)
Air Temperature Leaving Heat Sink (0 C)

Heat transfer from heat sinks depends mainly on
the approach velocity, pin arrangement, heat sink material, and properties of the incoming ﬂuid. Dimensionless heat transfer coeﬃcients for the heat sink are
plotted in Figs. 9-12 versus approach velocities. In Fig.
9, heat transfer coeﬃcients are plotted for diﬀerent pin
diameters. The heat transfer coeﬃcients of the heat
sink increase rapidly with the pin diameter. For the
speciﬁed baseplate dimensions, the increase in pin diameter decreases the transverse as well as longitudinal
pitches which increases the heat transfer.
Figure 10 shows the variation of Nusselt number
versus approach velocity for diﬀerent pin heights. It is
evident that heat transfer decreases with the increase in
pin height but increases with approach velocity. With
increasing number of transverse or longitudinal rows,
heat transfer also increases. This is shown in Fig. 11.
In Fig. 12, the variation of heat transfer coeﬃcients
is shown for diﬀerent materials (having low thermal
Khan, Modeling of Cylindrical Pin-Fin Heat Sinks

In-Line
1.35
210.7
78.5
48.9
94.3
65.4

Staggered
0.94
271.8
211.9
46.8
74.0
60.1

conductivity to high conductivity). It is clear that
plastic composites (k = 25W/m · K) have very low
heat transfer coeﬃcients, whereas aluminum and copper (k = 180 and 400W/m·K) have higher heat transfer
coeﬃcients. For higher approach velocities, the diﬀerence in heat transfer between these materials is also
evident. The comparison of the present results with
experimental/numerical data is presented in Figs. 12
and 13 for staggered arrangements. Present results are
compared with the numerical results of Hamilton et.
al (2002) and experimental correlation of Tahat et. al
(1994). Good agreement can be seen in both ﬁgures.
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Figure 9 Nusselt Number as Function of Uapp
and D

Figure 11 Nusselt Number as Function of
Uapp and NT
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Figure 10 Nusselt Number as Function of
Uapp and H
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Present Model
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Empirical (Tahat et.al, 1994)
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2. In-line arrangement gives higher heat sink resistance and lower pressure drop than the staggered
arrangement.
3. Heat transfer models for in-line and staggered arrangements are suitable in designing pin-ﬁn heat
sinks.

4

Figure 12 Nusselt Number as Function of
Uapp and k

4. Conclusions
1. Heat transfer from and pressure drop across the
heat sink increases with the increase in approach
velocity, pin diameter, and number of pins. Heat
transfer also increases with the thermal conductivity of the material and with the pin height.
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Figure 13 Nusselt Number as Function of
ReD for 2.5 × 1.5 Staggered Arrangement
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Figure 14 Nusselt Number as Function of
ReD for 2.5 × 2.5 Staggered Arrangement
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