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Abstract
In this study, an entropy generation minimization (EGM)
procedure is employed to optimize the overall performance
of microchannel heat sinks. This allows the combined ef-
fects of thermal resistance and pressure drop to be as-
sessed simultaneously as the heat sink interacts with the
surrounding flow field. New general expressions for the en-
tropy generation rate are developed by considering an ap-
propriate control volume and applying mass, energy, and
entropy balances. The effect of channel aspect ratio, fin
spacing ratio, heat sink material, Knudsen numbers and
accommodation coefficients on the entropy generation rate
is investigated in the slip flow region. Analytical/empirical
correlations are used for heat transfer and friction coeffi-
cients, where the characteristic length is used as the hy-
draulic diameter of the channel. A parametric study is also
performed to show the effects of different design variables
on the overall performance of microchannel heat sinks.

Nomenclature

A = total heating surface area [m2]
Ac = cross-section area of a single fin [m2]
Dh = hydraulic diameter [m]
f = friction factor
G = volume flow rate [m3/s]
g, l = equality and inequality constraints
Hc = channel height [m]
h = specific enthalpy of the fluid [J/kg]
hav = average heat transfer coefficient

[W/m2 · K]
j = number of imposed constraints
Kn = Knudsen number ≡ λ/Dh

k = thermal conductivity of solid [W/m · K]
kce = sum of entrance and exit losses
keq = ratio of thermal conductivity of fluid to

solid ≡ kf/k
kf = thermal conductivity of fluid [W/m · K]
L = Lagrangian function
L = length of channel in flow direction [m]
m = fin parameter [m−1]
ṁ = total mass flow rate [kg/s]
N = total number of microchannels
n = number of design variables
NuDh = Nusselt number based on hydraulic

diameter≡ Dhhav/kf

PeDh = Peclet number based on hydraulic
diameter≡ DhUav/α

Pr = Prandtl number

Qb = heat transfer rate from the base [W ]
Qfin = heat transfer rate from the fin [W ]
q = heat flux [W/m2]
R = resistance [K/W ]
ReDh = Reynolds number based on hydraulic

diameter≡ DhUav/ν
Sgen = total entropy generation rate [W/K]
s = specific entropy of fluid [J/kg · K]
T = absolute temperature [K]
t = thickness [m]
Uav = average velocity in channels [m/s]
u = specific internal energy [J/kg]
v = specific volume of fluid [m3/kg]
W = width of heat sink [m]
wc = half of the channel width [m]
ww = half of the fin thickness [m]
xi = design variables

Greek Symbols
∆P = pressure drop across microchannel [Pa]
α = thermal diffusivity [m2/s] or constant

defined by Eq. (23)
αc = channel aspect ratio ≡ 2wc/Hc

αhs = heat sink aspect ratio ≡ L/2wc

β = fin spacing ratio ≡ wc/ww

γ = ratio of specific heats ≡ cp/cv

λ, χ = mean free path [m] or Lagrangian
multipliers

µ = absolute viscosity of fluid [kg/m · s]
ν = kinematic viscosity of fluid [m2/s]
ρ = fluid density [kg/m3]
σ = tangential momentum accommodation

coefficient (TMAC)
σt = energy accommodation coefficient
ζu = slip velocity coefficient
ζt = temperature jump coefficient

Subscripts
a = ambient
av = average
b = base surface
cap = capacity
conv = convective
f = fluid
fin = single fin
hs = heat sink
in = entrance
out = exit
s = slip
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th = thermal
w = wall

Introduction
One of the important aspects of electronics packaging is

the thermal management of electronic devices. The trend
in the electronic industry toward denser and more power-
ful products requires a higher level of performance from
cooling technology. After the pioneering work of Tucker-
man and Pease [1], microchannels have received consider-
able attention especially in microelectronics. Microchan-
nel heat sinks provide a powerful means for dissipating
high heat flux with small allowable temperature rise. Due
to an increase in surface area and a decrease in the con-
vective resistance at the solid/fluid interface, heat trans-
fer is enhanced in microchannels. These heat sinks can
be applied in many important fields like microelectronics,
aviation and aerospace, medical treatment, biological en-
gineering, materials sciences, cooling of high temperature
superconductors, thermal control of film deposition, and
cooling of powerful laser mirrors. The two important char-
acteristics of microchannel heat sinks are the high heat
transfer coefficients and lower friction factors.

In the present study an entropy generation minimiza-
tion (EGM) criterion is used to determine the overall per-
formance of a microchannel heat sink, which allows the
combined effect of thermal resistance and pressure drop to
be assessed through the simultaneous interaction with the
heat sink. A general expression for the entropy generation
rate is obtained by using the conservation equations for
mass and energy with the entropy balance.

Literature Review
The concept of “micro-channel heat sinks” was first

introduced by Tuckerman and Pease [1]. Following this
work, several experimental, numerical and theoretical
studies on the optimization of micro-channel heat sinks
have been carried out. These studies are reviewed in this
section.

Steinke and Kandlikar [2] presented a comprehensive
review of conventional single-phase heat transfer enhance-
ment techniques. They discussed several passive and ac-
tive enhancement techniques for minichannels and mi-
crochannels. Some of their proposed enhancement tech-
niques include fluid additives, secondary flows, vibrations,
and flow pulsations.

Kandlikar and Grande [3] explored the cooling limits
of the plain rectangular microchannels with water cool-
ing for high heat flux dissipation and illustrated the need
for enhanced microchannels. They described a simplified
and well-established fabrication process to fabricate three-
dimensional microchannels. They also demonstrated the
efficacy of the fabrication process in fabricating complex
microstructures within a microchannel.

Knight et al. [4, 5], Perret et al. [6, 7], Kim [8], Upad-
hye and Kandilkar [9], Kandlikar and Grande [3] and Liu
and Garimella [10] developed theoretical optimization pro-
cedures to minimize the overall thermal resistance of mi-
crochannel heat sinks for a given pressure drop, whereas

Singhal et al. [11], and Kandlikar and Upadhye [12] car-
ried out analyses to optimize the channel configuration
that yields a minimum pressure drop for a given heat load.
They presented solution procedures for laminar/turbulent
flow and generalized their results in terms of different heat
sink parameters.

Kleiner et al. [13], Aranyosi et al. [14], and Harris et al.
[15] investigated theoretically and experimentally the per-
formance of microchannel heat sinks. They modeled the
performance in terms of thermal resistance, pressure drop,
and pumping power as a function of heat sink dimensions,
tube dimensions, and air flow rate. Their results show
an enhancement in heat removal capability compared to
traditional forced air-cooling schemes.

Garimella and Singhal [16] and Jang and Kim [17] an-
alyzed experimentally the pumping requirements of mi-
crochannel heat sinks and optimized the size of the mi-
crochannels for minimum pumping requirements. Jang
and Kim [17] showed that the cooling performance of an
optimized microchannel heat sink subject to an imping-
ing jet is enhanced by about 21% compared to that of the
optimized microchannel heat sink with parallel flow under
the fixed-pumping-power condition.

Choquette et al. [18], Zhimin and Fah [19], Meysenc
et al. [20], Chong et al. [21], Liao et al. [22], Ryu et al.
[23], Wei and Joshi [24], and Jean-Antoine et al. [25] per-
formed numerical optimizations of thermal performance of
microchannel heat sinks for given pumping power/pressure
drop. Zhimin and Fah [17] considered laminar, turbulent,
developed and developing flow and heat transfer in the
analysis. Using self-developed software, they investigated
the effects of heat sink channel aspect ratio, fin width to
channel width ratio and the channel width on the perfor-
mance of heat sink. They found that the channel width
is the most important parameter and governs the perfor-
mance of a microchannel heat sink. Min et al. [26] showed
numerically that the tip clearance can improve the cooling
performance of a microchannel heat sink when tip clear-
ance is smaller than a channel width. Delsman et al. [27]
performed a CFD study for the optimization of the plate
geometry to reach the design target regarding the quality
of the flow distribution.

Haddad et al. [28] investigated numerically the entropy
generation due to steady laminar forced convection fluid
flow through parallel plate microchannels. They discussed
the effect of Knudsen, Reynolds, Prandtl, Eckert num-
bers and the nondimensional temperature difference on
entropy generation within the microchannel. The entropy
generation within the microchannel is found to decrease
as Knudsen number increases, and it is found to increase
as Reynolds, Prandtl, Eckert numbers and the nondimen-
sional temperature difference increase. The contribution
of the viscous dissipation in the total entropy generation
increases as Knudsen number increases over wide ranges
of the flow controlling parameters.

It is obvious from the literature survey that all the
studies related to optimization of microchannel heat sinks
are used to minimize thermal resistance for a given pres-
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sure drop or to minimize pumping power for a specified
thermal resistance. No study exists to optimize both
thermal and hydraulic resistances simultaneously. In this
study, an entropy generation minimization, EGM, method
is applied as a unique measure to study the optimization
of thermal and hydraulic resistances simultaneously. All

relevant design parameters for microchannel heat sinks,
including geometric parameters, material properties and
flow conditions are optimized simultaneously by minimiz-
ing the entropy generation rate Sgen subject to manufac-
turing and design constraints. 
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Fig. 1 Microchannel heat sink: geometry, control volume and definitions.

Model Development

The geometry of a microchannel heat sink is shown in
Figure 1 (a). The length of the heat sink is L and the
width is W . The top surface is insulated and the bottom
surface is uniformly heated. A coolant passes through a
number of microchannels along the x-axis and takes heat
away from the heat dissipating electronic component at-
tached below. There are N channels and each channel has
a height Hc and width 2wc. The thickness of each fin is
2ww whereas the thickness of the base is tb. The tempera-
ture of the channel walls is assumed to be Tw with an inlet
water temperature of Ta. At the channel wall, the slip flow
velocity and temperature jump boundary conditions were
applied to calculate friction and heat transfer coefficients.

Taking advantage of symmetry, a control volume is
selected for developing the entropy generation model, as
shown in Figure 1 (b). The length of the control vol-
ume is taken as unity for convenience and the width and
height are taken as ww + wc and Hc + tb respectively.
This control volume includes half of the fin and half of the
channel along with the base. The side surfaces AB and
CD and the top surface AC of this CV can be regarded as

impermeable, adiabatic and shear free (no mass transfer
and shear work transfer across these surfaces). The heat
flux over the bottom surface BD of the CV is q. The
ambient temperature is Ta and the surface temperature of
the channel wall is Tw. The bulk properties of the coolant
are represented by uin, Pin, sin at the inlet and by uout,
Pout, sout at the outlet respectively. The irreversibility of
this system is due to heat transfer across the finite tem-
perature difference Tb − Ta and to friction. Heat transfer
in the control volume (Fig. 1b) is a conjugate, combining
heat conduction in the fin and convection to the cooling
fluid. To simplify the analysis, the following assumptions
were employed:

Assumptions

1. Uniform heat flux on the bottom surface.
2. Smooth surface of the channel
3. Adiabatic fin tips
4. Isotropic material
5. Fully developed heat and fluid flow
6. Steady, laminar and 2-D flow
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7. Slip flow (i.e., 0.001 ≤ Kn ≤ 0.1) with negligible
creep effects

8. Incompressible fluid with constant thermophysical
properties

9. Negligible axial conduction in both the fin and fluid
10. Changes in kinetic and potential energies are negli-

gible

The mass rate balance for the steady state reduces to

ṁin = ṁout = ṁ (1)

Assuming negligible changes in the kinetic and potential
energies, the first law of thermodynamics for a steady state
condition can be written as

Q = ṁ[(uout + Poutvout)︸ ︷︷ ︸
hout

− (uin + Pinvin)︸ ︷︷ ︸
hin

] (2)

The combination of specific internal and flow energies is
defined as specific enthalpy; therefore, the energy rate bal-
ance reduces further to:

Q = ṁ(hout − hin) (3)

From the second law of thermodynamics

dScv

dt
= ṁ(sin − sout) +

Qfin

Tb
+

Qb

Tb
+ Sgen (4)

For steady state,
dScv

dt
= 0, and the total heat transferred

from the bottom of the heat sink Q = Qfin + Qb, so the
entropy rate balance reduces to

Sgen = ṁ(sout − sin) − Q

Tb
(5)

where Tb represents the absolute temperature of the heat
sink base.
Integrating Gibb’s equation from inlet to the outlet gives

hout − hin = Ta(sout − sin) +
1
ρ
(Pout − Pin) (6)

Combining Eqs. (3, 5 and 6), the entropy generation rate
can be written as:

Sgen = Q

[
1
Ta

− 1
Tb

]
+

ṁ∆P

ρTa
(7)

Rearranging the terms and writing θb = Tb − Ta, we have

Sgen =
Q θb

TaTb
+

ṁ∆P

ρTa
(8)

As θb = QRth, the entropy generation rate can be written
as:

Sgen =
Q2 Rth

TaTb
+

ṁ∆P

ρTa
(9)

where Rth is the total thermal resistance and ∆P is the
total pressure drop across the channel. This expression de-
scribes the entropy generation rate model completely and

it shows that the entropy generation rate depends on the
total thermal resistance Rth and the pressure drop across
the channel, provided that the heat load and ambient con-
ditions are specified. If G is the volume flow rate, then the
total mass flow rate can be written as

ṁ = ρG (10)

The average velocity in the channel, Uav is given by:

Uav =
ṁ

Nρ(2wc)Hc
(11)

where N is the number of channels given by

N =
W − ww

wc + ww
(12)

Thermal Resistance
The total thermal resistance is defined as

Rth =
θb

Q

=
Tb − Tf

Q
+

Tf − Ta

Q

= Rconv + Rfluid (13)

where Tb is the heat sink base temperature and Tf is the
bulk fluid temperature. These temperatures are given by

Tb = Ta + QRth (14)

Tf = Ta +
Q

2ṁCp
(15)

Assuming hfin = hbase = hav, the convective and fluid
thermal resistances can be written as

Rconv =
1

havA
(16)

Rfluid =
1

ṁCp
(17)

where A is the total heat surface area and is given by

A = 2NL(wc + Hcηfin) (18)

with

ηfin =
tanh(mHc)

mHc
(19)

m =
√

2hav

kww
(20)

Using slip flow velocity and temperature jump boundary
conditions, Khan [29] solved the energy equation and de-
veloped the following theoretical model for the dimension-
less heat transfer coefficient for a parallel plate microchan-
nel:

NuDh =
havDh

kf
=

140
17(1 + αc)Ks

(21)
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where

Ks = 1 − 6
17

(
Us

Uav

)
+

2
51

(
Us

Uav

)2

− 140
17

ζt (22)

αc =
2wc

Hc
(23)

with

Us

Uav
=

6α

1 + 6α
(24)

α =
2ζu

1 + αc
(25)

ζu =
(

2 − σ

σ

)
Kn (26)

ζt =
(

2 − σt

σt

)
· 2γ

γ + 1
· Kn

Pr
(27)

Using Eqs. (14)-(21), Eq. (13) can be written as

Rth =
2C3αhs

kf LC1C2
(28)

where

C1 = Nαhs(2ηfin + αc) (29)
C2 = (1 + αc)/αc (30)

C3 =
1

NuDh

+
C1

PeDh

(31)

with

αhs =
L

2wc
(32)

ηfin =
tanh(mHc)

mHc
(33)

mHc =
1
αc

√
2βkeqNuDh (1 + αc) (34)

keq =
kf

k
(35)

β = wc/ww (36)

Pressure Drop
The pressure drop associated with flow across the chan-

nel is given by:

∆P =
ρU2

av

2

[
kce +

(
f

L

Dh

)]
(37)

where the friction factor f depends on the Reynolds
number, channel aspect ratio and slip velocity coefficient
(Khan et al. [29]), and can be written as:

f =
24

ReDh

(
1

1 + 6α

) (
1

1 + αc

)
(38)

Kleiner et al. [13] used experimental data from Kays and
London [30] and derived the following empirical correla-
tion for the entrance and exit losses kce in terms of channel
width and fin thickness:

kce = 1.79− 2.32
(

wc

wc + ww

)
+ 0.53

(
wc

wc + ww

)2

(39)

Entropy Generation Rate
Substituting Eqs. (28) and (37) in to Eq. (9), we get

Sgen =
Q2

TaTb
· 2αhsC3

LkfC1C2
+

ρwcHcU
3
av

Ta
C4 (40)

= Sgen,h + Sgen,f (41)

where Sgen,h and Sgen,f show the entropy generation rates
due to heat transfer and fluid friction respectively and C4

is given by

C4 =
[
kce +

(
f

L

Dh

)]
(42)

Optimization Procedure
The problem considered in this study is to mini-

mize the entropy generation rate, given by Eq. (9) or
(40), for the optimal overall performance of microchan-
nel heat sinks. If f(x) represent the entropy generation
rate that is to be minimized subject to equality con-
straints gj(x1, x2, .., xn) = 0 and inequality constraints
lk(x1, x2, .., xn) ≥ 0, then the complete mathematical for-
mulation of the optimization problem may be written in
the following form:

minimize f(x) = Sgen(x) (43)

subject to the equality constraints:

gj(x) = 0, j = 1, 2, ....,m (44)

and inequality constraints

lj(x) ≥ 0, j = m + 1, ...., n (45)

where gj and lj are the imposed equality and inequality
constraints and x denotes the vector of the design vari-
ables (x1, x2, x3, ...., xn)T . The objective function can be
redefined by using the Lagrangian function as follows:

L(x, λ, χ) = f(x) +
m∑

j=1

λjgj(x) −
n∑

j=m+1

χj lj(x) (46)

where λj and χj are the Lagrange multipliers. The λj

can be positive or negative but the χj must be ≥ 0. The
necessary condition for x∗ to be a local minimum of the
problem, under consideration, is that the Hessian matrix
of L should be positive semidefinite, i.e.

vT∇2[(x∗, λ∗, χ∗)]v ≥ 0 (47)

For a local minimum to be a global minimum, all the eigen-
values of the Hessian matrix should be ≥ 0.
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A system of non-linear equations is obtained, which
can be solved using numerical methods such as a mul-
tivariable Newton-Raphson method. This method has
been described in Stoecker [31] and applied by Culham
and Muzychka [32], and Culham et al. [33] to study the
optimization of plate fin heat sinks and by Khan et al.
([34], [35]) for pin fin heat sinks and tube banks. In this

study, the same approach is used to optimize the overall
performance of a microchannel heat sink in such a man-
ner that all relevant design conditions combine to produce
the best possible heat sink for the given constraints. The
optimized results are then presented in graphical form.

Parameter Assumed Values
Channel or heat sink length, L (mm) 51
Width of heat sink, W (mm) 51
Channel height, Hc (mm) 1.7
Channel width, 2wc (mm) 0.25
Fin thickness, 2ww (mm) 0.14
Thermal conductivity of solid (W/m · K) 148
Thermal conductivity of air (W/m ·K) 0.0261
Density of air (kg/m3) 1.1614
Specific heat of air (J/kg · K) 1007
Kinematic viscosity (m2/s) 1.58× 10−5

Prandtl number (air) 0.71
Heat flux (W/cm2) 15
Volume flow rate (m3/s) 0.007
Ambient temperature (◦C) 27
Tangential momentum accommodation coefficient 0.85
Thermal energy coefficient 0.85

Table 1: Assumed Parameter Values

G Optimized Design Variables Performance Parameters
Kn Channel Aspect Ratio Fin Spacing Ratio Rhs ∆P Sgen

m3/s αc β K/W Pa W/K

0.005 0.164 3.06 0.201 924 0.463
0.1 0.007 0.194 4.99 0.160 902 0.398

0.009 0.222 7.31 0.142 895 0.370
0.005 0.172 3.13 0.224 1549 0.511

0.01 0.007 0.203 5.16 0.189 1485 0.462
0.009 0.233 7.59 0.177 1441 0.451
0.005 0.175 3.16 0.229 1673 0.521

0.001 0.007 0.207 5.20 0.195 1591 0.476
0.009 0.237 7.67 0.185 1537 0.468

Table 2: Results of Optimization

Case Studies and Discussion
The assumed parameter values (Kleiner et al. [13]), given
in Table 1, are used as the default case to determine the
overall performance of microchannel heat sinks. The fluid
properties are evaluated at the ambient temperature. The
results obtained are shown in Table 2.

Microchannel width, height and fin thickness are opti-
mized in terms of channel aspect ratio and fin spacing
ratio for three different volume flow rates and Knudsen
numbers in the slip flow region. The corresponding values

of the total thermal resistance, pressure drop and entropy
generation rate are tabulated. It is observed that both
channel aspect and fin spacing ratios increase with the in-
crease in volume flow rate and Knudsen numbers in the slip
flow region. The total thermal resistance and the pressure
drop are found to decrease with the increase in volume flow
rates and increase with the decrease in Knudsen numbers.

A parametric study is carried out to investigate the
dependence of the optimal dimensions of the microchan-
nel heat sink on the thermal and hydraulic performance.
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The current study attempts to find an optimal flow rate,
channel width, heat sink material and the effect of tangen-
tial momentum and energy coefficients. Figure 2 shows the
variation of the total entropy generation rate as a function
of volume flow rate for three different values of Knudsen
numbers. This figure shows that as the Knudsen number
increases the optimal entropy generation rate decreases
due to the increase in velocity slip and temperature jump
at the wall that lead to reduced heat transfer and mo-
mentum transfer from the wall to the fluid. It also shows
that the optimal flow rate increases with the increase in
Knudsen number.

The friction factor and the Nusselt number, in the lam-
inar flow region, depends on the channel aspect ratio αc.
The effect of this aspect ratio is shown in Fig. 3 for three
different Knudsen numbers in the slip flow region. The
increase in aspect ratio increase the cross-sectional area
available for flow and the total surface area available for
convective heat transfer, which reduces thermal and hy-
draulic resistances. This figure also shows the decrease in
the optimum entropy generation rate with an increase in
Knudsen number.

The fin spacing ratio β plays an important role in the
heat transfer analysis. It should be greater than 1 to en-
sure that there is flow in the microchannel. The effect of
this ratio is shown in Fig. 4 for the same Knudsen num-
bers in the slip flow region. For each Knudsen number, the
fin spacing ratio is optimized to get a minimum entropy
generation rate. It can be observed that the optimum fin
spacing ratio is a very weak function

of the Knudsen number, however, optimal entropy gen-
eration rate depends upon the Knudsen number and de-
creases with an increase in the Knudsen number. It shows
that lower fin spacing ratios are appropriate in the case of
microchannel heat sinks.

The total entropy generation rate, Sgen, includes the
contributions due to heat transfer and viscous dissipation.
The thermal conductivity of the heat sink material affects
only the contribution due to heat transfer, Sgen,h, whereas
the contribution due to viscous dissipation, Sgen,f , re-
mains unchanged. Figure 5 shows the effect of thermal
conductivity on the Sgen,h. Again the entropy genera-
tion rate decreases with the increase in Knudsen numbers.
This figure shows that the entropy generation rate due
to heat transfer decreases sharply from 25 W/m · K to
180 W/m · K and then becomes almost constant. The
accommodation coefficients model the momentum and
energy exchange of the gas molecules impinging on the
walls. They are dependent on the specific gas and the
surface quality and are tabulated in Schaaf and Chambre
[36]. Very low values of σ and σt will increase the slip
on the walls considerably even for small Knudsen number
flows, due to the 2-σ/σ factor in Eqs. (26) and (27). The
effect of these accommodation coefficients is shown in Fig.
6. This figure shows that for high Knudsen numbers, in
the slip flow region, there is considerable change in the
total entropy generation rate but as the Knudsen number
decreases, the losses due to heat transfer and fluid friction

become negligible.
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Conclusions
Based on the results of case studies and parametric opti-
mization, it can be concluded that:

1. Thermal resistance and pressure drop across the mi-
crochannel decrease with an increase in volume flow
rate and increase with a decrease in Knudsen num-
bers in the slip flow region.

2. The optimum channel aspect and fin spacing ratios
increase with the volume flow rate to allow the de-
crease in thermal resistance and pressure drop.

3. The optimum entropy generation rate decreases with
the increase in Knudsen numbers in the slip flow re-
gion.

4. Due to slip flow and temperature jump boundary
conditions, fluid friction decreases and heat transfer
increases in the microchannels which decreases the
total entropy generation rate.

5. A low thermal conductivity heat sink with a large
number of microchannels gives acceptable perfor-
mance in terms of entropy generation rate.

6. Lower tangential momentum and energy accommo-
dation coefficients results in higher entropy genera-
tion rates.
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