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Heat transfer in rough circular cylinder microfins is studied and a new analytical model is developed. Assuming

Gaussian isotropic surface roughness, it is shown that both cross-sectional and surface areas ofmicrofins increase by

increasing roughness. Consequently, an enhancement is observed in the heat transfer rate and thermal performance

of microfins. The effect of roughness is more profound in lower convective heat transfer coefficient (natural

convection) and/or rougher structures. The present model can be implemented to analyze other geometries such as

rectangular and tapered microfins.

Nomenclature

Ac = cross-sectional area, m2

As = surface area, m2

a = mean radius of rough microfin, m
D = mean diameter of rough microfin, m
h = convection heat transfer coefficient, W=m2K
k = fin thermal conductivity, W=mK
kf = fluid thermal conductivity, W=mK
L = microfin length, m
ms = mean absolute surface slope [�]
NuD = Nusselt number hD=kf [�]
Q = heat flow rate, W
q = heat flux, W=m2

Rf = fin thermal resistance, K=W
r = microfin radius, m
T = temperature, K
� = relative roughness, �=a
� = nondimensional length, x=L
� = nondimensional temperature
d� = length of surface element, m
� = roughness standard deviation, m

Subscripts

x = in longitudinal direction
� = in angular direction
1 = ambient
0 = reference value, base, smooth microfin

I. Introduction

T HERMAL phenomena play a key role in a variety of appli-
cations in micro-electro-mechanical systems (MEMS) such as

thermal actuators in RF devices [1], thermal flexture actuators [2],

and thermal-compliant microactuators [3]. Micropin fin heat ex-
changers are being used in advanced thermal management solutions
ranging from cooling of gas turbine blades [4] to microelectronic
chips [5].

According toBrown [6], there are severalMEMS fabrication tech-
niques currently in widespread use, including bulk micromachining,
surface micromachining, fusion bonding, and LIGA which is a
composite fabrication procedure of lithography, electroforming,
and molding. The polycrystalline silicon substrates used in micro-
mechanical devices are often rough. Moreover, atomic force micro-
scopy (AFM) images revealed that the surfaces manufactured by
MEMS technologies have some level of roughness [7]. The level of
this surface roughness depends extensively on the fabrication pro-
cess used and material properties. The importance of surface rough-
ness becomes more significant as the dimensions of microstructures
decrease. This surface roughness can be envisioned as extended
surface on the original extended surface.

The heat transfer augmentation due to the presence of surface
roughness has been experimentally investigated by several
researchers. Achenbach [8] showed through experiments that the
heat transfer from a circular cylinder to the crossflow of air increases
as a result of surface roughness. He used knurling to create artificial
roughness on the cylinders studied; all of his experiments were
conducted at high Reynolds numbers, that is, turbulent flow regime.
Wang et al. [9] experimentally studied natural convection in air over
a uniformly heated, vertical surface covered with microgrooved
films. V grooves with depths of 18 to 150 �mwere used. Their data
[9] showed that natural convectionwas enhanced by up to 20%when
microgrooves were used. Honda andWei [5] conducted experiments
and studied the effect of roughness on micropin fins on the boiling
heat transfer from a silicon chip immersed in a pool of FC-72. They
used square pin fins; the dimensions were 50 � 50 � 60 �m3 with a
surface roughness on the order of 25–35 nm. They reported that the
pin fin with higher roughness showed a higher thermal performance
[5].

As briefly reviewed, existing experimental studies point out an
increase in the fin thermal performance when surface roughness
exists. However, to the authors’ knowledge, there are no analytical
models in the literature that predict this empirically observed trend.
This work is an attempt to develop an analytical model to predict the
effect of roughness on the thermal performance of circular cylinder
microfins. The term roughness has been used to refer to a variety of
surface treating/irregularities in the thermal-fluid literature, for
example, knurling [8] and V grooves [9]. However, in this study, we
focus only on random or isotropic (Gaussian) roughness which
can be thought of as surface deviations from its nominal topography.
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The results of the analysis provide a better understanding about
the effect of roughness on thermal design of microfins and other
microstructures.

II. Heat Transfer from Extended Surfaces

The term extended surface or fin is commonly used to refer to a
solid that experiences energy transfer by conduction within its
boundaries, as well as energy transfer by convection between its
boundaries and the surroundings. The main goal of this work is to
investigate effect(s) of surface roughness on thermal performance of
microfins. One approach is to assume that input parameters of the fin,
such as convective heat transfer coefficient and thermal conductivity
are constant. Then by systematically varying surface roughness, one
can study the effects of roughness on thermal performance of the
microfin. The following summarizes the assumptions of the present
model for a rough extended surface shown in Fig. 1:

1) heat conduction is one dimensional, that is, in the longitudinal x
direction;

2) the fin surface is rough with an isotropic Gaussian distribution
of heights;

3) negligible radiation from the surface and no heat source in the
fin;

4) uniform heat transfer coefficient, h;
5) constant solid thermal conductivity including surface asperities,

k;
6) steady-state conditions.
The errors associatedwith one-dimensional heat transfer, isotropic

conductivity, and constant convective heat transfer coefficient
assumptions are insignificant because the dimensions of microfins
are very small (on the order of microns). We also assume that the
surrounding fluid is a continuum and neglect rarefaction and slip
effects. The value of the Knudsen number determines the degree of
rarefaction of a gas and the validity of the continuum (gas) flow
assumption. For Kn < 10�2, the continuum hypothesis is ap-
propriate and the flow can be described by the Navier–Stokes
equations using conventional no-slip boundary conditions.

Applying conservation of energy to the differential element shown
in Fig. 1, one obtains [10]

d2T

dx2
� 1

Ac

dAc

dx

dT

dx
� 1

Ac

h

k

dAs

dx
�T � T1� � 0 (1)

where Eq. (1) provides a general form of the energy balance for one-
dimensional, steady-state heat flow in an extended surface. It should
be noted that the thermal conductivity of the structure is assumed to
be isotropic whichmeans the same thermal conductivity for bulk and
asperities. For most applications where rms roughness is small, this
assumption is valid. However, for larger values of surface roughness,
thermal conductivity values near the surface may be noticeably
degraded, depending upon the material and the fabrication process.

The terms Ac, dAc=dx, and dAs=dx in Eq. (1) are functions of
surface roughness. In the next sections, we will derive relationships
for estimating these parameters.

III. Surface Roughness

According to Liu et al. [11] five types of instruments are currently
available for measuring the surface topography: 1) stylus-type
surface profilometer, 2) optical (white-light interference) measure-
ments, 3) scanning electron microscope (SEM), 4) atomic force
microscope (AFM), and 5) scanning tunneling microscope (STM).
Surface texture is most commonly measured by a profilometer,
which draws a stylus over a sample length of the surface. A datum or
centerline is established by finding the straight line or circular arc in
the case of round components, fromwhich themean square deviation
is aminimum.When the surface isGaussian, the standard deviation�
is identical to the rms value [12], Rq.

� � Rq �
��������������������������
1

l

Z
l

0

z2�x�dx
s

(2)

where l is the sampling length in the x direction and z is themeasured
value of the surface heights along this length. ms can be determined
across the sampling length from the following:

ms �
1

l

Z
l

0

����dz�x�dx

����dx (3)

IV. Rough Micropin Fins

Consider a rough micropin fin with a mean radius of a and length
L; see Figs. 2 and 3. As shown schematically in the figures,
roughness of the fin is assumed to possess a Gaussian distribution in
both angular and longitudinal directions. It should be noted that the
slopes of surface asperitiesms are exaggerated. In reality, the surface
asperities can be visualized as shallow hills and valleys, that is, small
surface slopes.

Owing to the random nature of roughness, an exact value of the
local radius r cannot be used to specify the radius of roughmicrofins.
Instead, probabilities of different radii occurring should be com-
puted. A random variable p is used to represent the deviation of the
local radius r in the angular direction, Fig. 2. The standard deviation
of p is the surface roughness �� and has the following Gaussian
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Fig. 1 Energy balance for an extended rough surface.
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Fig. 2 Cross section of rough pin fin, Gaussian roughness.
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Fig. 3 Longitudinal cross section of random rough pin fin.
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distribution:

��p� � 1������
2�

p
��

exp

�
� p2

2�2
�

�
(4)

The local radius can vary over a wide range of values from much
larger to much smaller radii than the mean radius a, valleys and hills
in figures, with the Gaussian probability distribution shown in
Eq. (4).

The fin surface also has roughness in the longitudinal direction x;
see Fig. 3. The variation of the local radius of the microfin r in the
longitudinal direction is shown by another random variable q, with
the same Gaussian distribution as in the angular direction.

��q� � 1������
2�

p
�x

exp

�
� q2

2�2
x

�
(5)

The local radius of the microfin can be written as

r� a� p� q (6)

where a is the mean statistical value of the local radius r over the
cross sections along the entire length L of the microfin.

To better understand Eq. (6), consider cross sections of a rough
microfin at different longitudinal locations, Fig. 3. These cross
sections can have different mean radii where the probability of these
radii occurring can be determined from Eq. (5), a� q. Meanwhile,
the actual radius at each cross section varies around the mean radius
a� q in the angular direction (variations of p) with the probability
distribution described in Eq. (4). Therefore, the local radius of a
microfin r is a function of both random variables p and q, that is,
r� r�p; q�. We assume that the local radius is the superposition of
the two randomvariables, as shown in Eq. (6). Note that the variables
p and q are independent. For argument sake, consider an imaginary
case where a microfin has roughness only in the angular direction;
thus one canwrite r� r�p�. As a result, an average of these variables
[r� a� �p� q�=2] does not provide a correct answer.

In the general case, the standard deviations �� and �x can be
different; however, in this study, we assume an isotropic roughness;
thus, �� � �x � �.

A. Cross-Sectional Area, Ac

The cross-sectional area of a circular cylinder micropin fin can be
calculated from Ac � �r2; using Eq. (6), it can be written

Ac � �

Z �1

�1

Z �1

�1
�a� p� q�2��p���q�dpdq (7)

Equation (7) considers the probabilities of all values of radius r
occurring according to the Gaussian distribution. It should be noted
that it is mathematically possible for the variables p and q to have
values ranging from�1 to�1; see Eqs. (4) and (5). However, the
probability of occurring much larger/smaller radii than the mean
radius a is quite small.

After a change of variables (u� p=� and v� q=�) and
simplifying, Eq. (7) becomes

A�
c �

Ac

Ac;0

� 1

2�

Z �1

�1

Z �1

�1
�1� �u� �v�2e�u2=2e�v2=2dudv|�����������������������������������������{z�����������������������������������������}

effect of roughness on cross-sectional area

(8)

where A�
c , Ac;0 � �a2, and � are the normalized cross-sectional area,

cross-sectional area of the smooth microfin, and the relative surface
roughness, respectively,

�� �

a
(9)

Note that � is defined as the rms surface roughness over the radius of
the fin. Equation (8) calculates an effective cross-sectional area for a
rough pin fin. After solving the integral, one finds

A�
c �

Ac

Ac;0

� 1� 2�2 (10)

As expected, the effect of surface roughness is to increase the cross-
sectional area of a rough fin. Notice that at the limit where roughness
goes to zero � ! 0 (smooth surface), A�

c ! 1.

B. Surface Area, As

The differential lateral surface area of a rough micropin fin can be
found from

dAs � rd�d� (11)

where r� r�x; �� and d� is the statistical mean length of the rough
surface element that can be found from

d��
Z

x�dx

x

�����������������������
1�

�
dr

dx

�
2

s
dx (12)

It is assumed that themean absolute surface slopems, see Eq. (3), can
be used to estimate the statistical mean length of the surface d�, that
is,

ms ’
dr

dx
(13)

It must be noted that the actual local surface slope is a Gaussian
parameter which cannot be specified at each element and thus cannot
be used in the analysis. As a result, themean absolute value of surface
slopems is used as a first degree approximation and a representative
value for the entire rough surface. This assumption may have some
degree of inaccuracies and may need modification when compared
against experimental data. This assumption is consistent with Eq. (1)
because the energy balance is for the entire micropin fin. Thus, one
may write

dAs � 2�r
���������������
1�m2

s

p
dx (14)

Averaging Eq. (14) over the microfin length, the mean value of r
must be replaced by a, and the effectivemean lateral surface area of a
rough micropin fin will be

As � 2�aL
���������������
1�m2

s

p
(15)

with As;0 � 2�aL,

A�
s �

As

As;0

�
���������������
1�m2

s

p
Using the same method, one can find dAc=dx

dAc

dx
� 2�r

dr

dx
(16)

which can be averaged over the microfin and estimated (see the
above discussion)

dAc

dx
� 2�ams (17)

The above argument, with regard to the local actual surface slope,
also applies to Eq. (17). Substituting Eqs. (10), (14), and (17) in
Eq. (1), one finds

d2T

dx2
� 2ms

a�1� 2�2�
dT

dx
� h

k

2
���������������
1�m2

s

p
a�1� 2�2�|�������{z�������}

m2 �fin parameter�

�T � T1� � 0 (18)

where m2 � hP=kAc for smooth fins. This ODE can be
nondimensionalized in the following form:
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d2�

d�2
� �

d�

d�
� 	�� 0 (19)

where �� �T � T1�=�T0 � T1� and �� x=L, and

�� 2ms

�1� 2�2�
�
L

a

�
	� 2hL2

���������������
1�m2

s

p
ka�1� 2�2� (20)

Note that at the limit of a smooth finwhere � � 0,ms � 0, and �� 0,
Eq. (26) yields the smooth cylindrical uniform cross-section fin
equation. The nondimensional parameter	 can bewritten in terms of
Nusselt number as follows:

	� Nu

�
kf
k

��
L

a

�
2

���������������
1�m2

s

p
1� 2�2

(21)

where Nu� hD=kf, D� 2a, and kf are the Nusselt number,
diameter of microfin, and the fluid thermal conductivity, respec-
tively.

To solve Eq. (19), the following boundary conditions are used:

�� 1 at �� 0

d�=d�� 0 at �� 1
(22)

The analytical solution of Eq. (19) with the boundary conditions
described in Eq. (22) is

���� � e���=2	c1 sinh�
�� � c2 cosh�
��
 (23)

where c2 � 1 and

c1 �
� cosh�
� � 2
 sinh�
�
�� sinh�
� � 2
 cosh�
� and 
 �

�����������������
�2 � 4	

p
2

(24)

Heat flux at the base of the fin can be found from

qbase ��k T0 � T1
L

d�

d�

����
��0

(25)

Using Eq. (23), one can find

d�

d�

����
��0

�
c1 �
�

2
(26)

Thermal performance of a microfin can be expressed in terms of
performance, or efficiency, and or thermal resistance. In this paper,
thermal resistance is chosen because of its convenience when used in
a thermal resistance network analysis. Considering the difference
between the base and thefluid temperature as the deriving potential, a
fin resistance Rf is defined as

Rf �
T0 � T1

Qf

(27)

Fin resistance becomes

Rf �
L

kAc��=2� 
c1�
(28)

V. Parametric Study

A parametric study is performed to investigate the effects of
surface roughness on different aspects of the thermal performance of
micropin fins. Thus some of the physical parameters may have been
assumed unrealistically high (or low) to clearly demonstrate the
trends. A typical (arbitrary) micropin fin is selected for the study; the
input parameters are shown in Figs. 4–6. To better show the effect of
roughness, some of the parameters studied are nondimensionalized
with respect to their smooth values, that is, � � 0.

The effect of surface roughness on the temperature profile of a
micropin fin is shown in Fig. 4. The solution is found using Eq. (23).
The surface slope ms may be estimated using an empirical

relationship suggested by Lambert and Fletcher [13]

ms � 0:076�0:52 (29)

where� is the surface rms roughness inmicrometers. The uncertainty
of the above correlations is high and use of this correlation is
justifiable only where the surface slope is not reported and/or an
approximate estimation ofms is needed [14]. A family of curves are
shown in Fig. 4, each corresponding to a relative roughness value in
the range of 0 � � � 0:2, while all other input parameters are kept
constant. As shown, themicrofin temperature decreases as roughness
increases.

The effect of roughness on micropin fin heat flux is shown in
Fig. 5. By adding roughness, the fin heat flux increases in microfins.
The solution predicts an optimum relative roughness for a microfin

ε = σ / a

R
*

f
=

R
f
/R

f, 0
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microfin thermophysical properties
L = 50 µm
a = 5 µm
k = 120 W/m.K
Nu = 1.90

smooth fin, Rf,0

Fig. 6 Effect of roughness on fin thermal resistance.
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Fig. 5 Effect of roughness on base heat flux of pin fin at various Nusselt

numbers.
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Fig. 4 Effect of surface roughness on temperature profile of pin fin.
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which maximizes the fin heat flux. This is due to the fact that as
roughness increases, the cross-sectional area Ac and surface area As

both increase according to Eqs. (10) and (15), respectively. These
enhancements lead to a higher microfin heat flux. However, the
increase in cross-sectional area Ac is larger than the increase in As.
Although more heat is being conducted into the fin, the increase in
surface area is not sufficient to dissipate this heat to the surroundings.
It must be noted that this phenomenon is predicted at a large value of
relative roughness for the studied microfin, that is, �� 0:2 which is
not expected to occur in real applications. The optimum surface
roughness for a rough micropin fin can be found from

dqbase

d�
� d

d�

�

c1 �

�

2

�
� 0

where �, 
, and c1 are functions of roughness and are given in
Eqs. (20) and (24).

Figure 5 also shows the effect of the Nusselt number on the
nondimensional fin heat flux as a family of curves. It should be noted
that the absolute value offinheatflux increases as theNusselt number
increases; but in Fig. 5 fin heat fluxes are normalized with respect to
their smooth values. As the Nusselt number increases, the rate of
increase in fin heat flux decreases (curves are flattened). In other
words, the rate of increase in fin heat flux due to roughness is more
significant at lower values of the Nusselt number, that is, natural
convection.

The effects of roughness on thermal resistance Rf of a micropin
fin, see Eq. (28), are shown in Fig. 6. The thermal resistance
decreases as roughness is introduced to the microfin.

VI. Summary and Conclusions

The effect of random, isotropic surface roughness on microfins is
studied and a novel analytical model is developed. The results for
circular cylinder micropin fins are presented; however, the proposed
model can be implemented to other geometries such as rectangular
and tapered microfins. The model can be extended to predict the
thermal performance of periodic surfaces with or without roughness.

Two independent random variables are considered to account for
deviations of the local radius of rough microfins in the angular and
longitudinal directions. The local radius is assumed to be the
superposition of the two random variables. Relationships are derived
for the temperature distribution, heat flux, and thermal resistance of
circular cylinder rough micropin fins.

It is shown that, as a result of roughness, both cross-sectional and
surface areas of microfins are increased which result in an enhance-
ment in the heat transfer rate and thus the thermal performance of
microfins. Moreover, it is observed that as the surface roughness
increases the temperature and thermal resistance of the microfin
decrease. The following are found, through analysis:

1) an optimum surface roughness exists thatmaximizes thefinheat
flux,

2) the rate of increase inmicrofin base heatflux due to roughness is
higher at lower Nusselt numbers; thus, better improvement in

thermal efficiency of a microfin (due to roughness) can be achieved
with a natural convection regime.

For forced convection applications in MEMS and micro-
electronics cooling, the effect of surface roughness on the thermal
performance of microstructures is small but still considerable.
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