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Prandtl number
Heat flow rate [W].

Abstract—Analytical models are developed for determining heat
transfer from in-line and staggered pin-fin heat sinks used in electronic packaging applications. The heat transfer coefficient for the
heat sink and the average temperature of the fluid inside the heat
sink are obtained from an energy balance over a control volume.
In addition, friction coefficient models for both arrangements are
developed from published data. The effects of thermal conductivity
on the thermal performance are also examined. All models can be
applied over a wide range of heat sink parameters and are suitable
for use in the design of pin-fin heat sinks. The present models are
in good agreement for high Reynolds numbers with existing experimental/numerical data.
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I. INTRODUCTION

EAT sinks are the most common thermal management
hardware used in micro- and opto-electronics. They improve the thermal control of electronic components, assemblies,
and modules by enhancing their surface area through the use of
fins. Applications utilizing pin-fin heat sinks for cooling of electronics have increased significantly during the last few decades
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due to an increase in heat flux densities and product miniaturization. To the author’s knowledge, no analytical work exists
for the fluid friction for pin-fin heat sinks. However, many experimental/numerical studies regarding flow across tube banks
exists in literature. Due to similarities between the geometry of
a heat exchanger tube bundle and pin-fin arrays, previous work
related to tube banks provides some guidance in modeling fluid
flow in pin-fin heat sinks.
A. Previous Work
Chilton and Genereaux [1], Grimison [2], Jakob [3], and
Gunter and Shaw [4] reviewed the existing data obtained by
a number of authors including Bergelin et. al [5], Norris and
Spofford [6], Huge [7], Pierson [8], and Wallis and White [9]
on the pressure drop across tube banks and proposed different
correlations of friction factors for both in-line and staggered
arrangements in terms of Reynolds numbers. Žukauskas and
Ulinskas [10] recommended more than 30 empirical correlations for friction factors based on arrangement, Reynolds
number and longitudinal and transverse pitches. In this study,
these correlations are fitted to give simple correlations for each
arrangement in terms of
, , and
.
Dvinsky et al. [11], Jung and Maveety [12], You and Chang
[13], Wang and Sangani [14], and Wung and Chen [15] performed numerical studies to model the heat transfer characteristics of pin-fin array heat exchangers. Some authors proposed
Nusselt number correlations for a limited range of configurations and Reynolds numbers.
Tahat et al. [16], [17], Maudgal and Sunderland [18], Wirtz
et al. [19], Babus’Haq et al. [20], Azar and Mandrone [21], and
Minakami and Iwasaki [22] performed experimental studies and
proposed empirical correlations. Van Fossen [23] and Metzger
et al. [24]–[26] have done similar but independent studies of
short pin-fin arrays with various aspect ratios and spacings for
the staggered array. Armstrong and Winstanley [27] presented
a review of works specifically on short pin fin arrays. They
showed that not only is the existence of an active bounding wall
a significant departure from the classical tube bundle situations,
but also that the heat transfer from the pins themselves is lower
than from long pin fins/cylinders. Hamilton et al. [28] used a
3-D finite element based numerical simulation to model the heat
transfer characteristics of a staggered short pin-fin array heat exchanger. The simulation was validated against available experimental data, and then used to estimate overall array averaged
heat transfer coefficient and pressure drop for various pin-fin
configurations and Reynolds numbers. They proposed a correlation similar in form as by Grimisom [2] and Žukauskas and
Ulinskas [10] for a limited range of configurations and Reynolds
numbers. Their correlation works only for
.
Several other empirical models of heat transfer from tube
banks in crossflow have also been reported in the literature.
Grimisom [2] and Žukauskas and Ulinskas [10] are the main
contributors in this regard. Their models are available in tabular form in many heat transfer text books (Holman [29], Kreith
[30] and Incropera and DeWitt [31]. It is important to note that
all those models were developed for a specific fluid, longitudinal
and transverse pitches, Reynolds and Prandtl numbers. The user

Fig. 1. Schematic of in-line arrangement.

Fig. 2. Geometry of in-line pin-fin heat sink.

can not extrapolate those correlations over a wide range of operating conditions often found in existing heat exchangers. In
order to avoid these problems new comprehensive models are
developed that can be used for a wide range of parameters discussed above. In developing these models, it is assumed that the
flow is steady, laminar, and fully developed.
II. ANALYSIS
A. Geometry
In pin-fin heat sinks, arrays of pin-fins are arranged in an
in-line or staggered manner as shown in Figs. 1 and 2. The pins
are attached to a common base and the geometry of the array is
determined by the pin dimensions, number of pins and pin arrangement.
The geometry of an in-line pin-fin heat sink is shown in Fig. 2.
The dimensions of the baseplate are
, where is the
length in the streamwise direction,
is the width, and is
the thickness. Each pin fin has diameter and height . The
and
respectively.
longitudinal and transverse pitches are
The approach velocity of the air is
. The direction of the
flow is parallel to the -axis. The baseplate is kept at constant
temperature
and the top surface
of the pins is
adiabatic. The average local wall temperature of the pin surface
is
. The bottom surface
of the heat sink is kept at
constant temperature . It is assumed that the heat sink is fully
shrouded.
It is assumed that the fluid temperature is averaged over the
height of the heat sink, with
, so the fluid temperais the bulk mean fluid temperature. Fully developed
ture
heat and fluid flow are assumed in the analysis, and the thermophysical properties are taken to be temperature independent.
B. Reference Velocity
The mean velocity in the minimum free cross section between
two rows,
, is used as a reference velocity in the calcula-
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tions of fluid flow and heat transfer for both types of arrangements, and is given by

(1)
where
is the approach velocity,
, and
are the
dimensionless longitudinal and transverse pitches, and
is the dimensionless diagonal pitch in
the case of a staggered arrangement. The average heat transfer
coefficient of a single pin-fin taken from the first row of an
in-line or staggered PFHS can be determined by an integral
method of boundary layer analysis. In this study, the Von
Karman-Pohlhausen integral method is used to solve the momentum and the energy equations for the isothermal boundary
condition. A fourth-order velocity profile in the hydrodynamic
boundary layer and a third-order temperature profile in the
thermal boundary layer are used.
You and Chang [13] found numerically that the flow inside
the pin-fin channel reaches the fully developed thermal state in
the early downstream region whereas Žukauskas [34] showed
experimentally that the heat transfer becomes stable from the
third or fourth row depending upon the Reynolds number.
Depending on this information, a control volume (CV) is
selected from the fourth row as a typical cell (Fig. 3) to study
the heat transfer from an in-line or staggered tube bank. The
width of the control volume is taken as unity for convenience
and the length and height, in dimensionless form, are taken as
and
respectively. Because the flow is
symmetrical about the horizontal center-line, the solution has
been obtained for half of the flow domain, i.e., for ABCEFG
in Fig. 3. The control volume surface can be regarded as impermeable, adiabatic and shear free (no mass transfer and shear
work transfer across the boundary). The heat transfer between
. The
the tube and stream is and the wall temperature is
governing equations, velocity and temperature distributions for
the CV inside the boundary layer are the same as described by
Khan [35]. A fourth-order velocity profile in the hydrodynamic

Fig. 3. Control volume for prediction of heat transfer from PFHS.

boundary layer and a third-order temperature profile in the
thermal boundary layer are used.
The potential flow velocity outside the boundary layer was
obtained by using complex variable theory and following Suh
et al. [36] it can be written as:
(2)
where

(3)
for an in-line arrangement and see (4), shown at the bottom of
the page, for the staggered arrangement.

(4)
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C. Boundary Conditions
1) On the curved surfaces of the pin-fin

Integrating (6) with respect to , one can obtain local thermal
boundary layer thicknesses
(8)

2) Along the top and bottom of the control volume and on the
side-wall regions between pin-fins

where
and

is the derivative of the function
is given by

with respect to

(9)
3) At the entrance of the CV
The local heat transfer coefficient can be written as
(10)

4) At the exit of the CV

In reality, the velocity
is not uniform at the EF plane for
any arrangement. This velocity profile depends on many factors
including Reynolds number, longitudinal and transverse pitches
as well as the method of tubes arrangement. These velocity profiles are presented in graphical form by Žukauskas and Ulinskas
[10] for some specific cases and in such case it is not possible
to reproduce graphical information in terms of the above mentioned factors. In order to proceed analytically, it is therefore
assumed that the approach velocity is uniform. Due to this assumption, higher (around 12%) local heat transfer coefficients
are obtained than the experimental/numerical values. In averaging the heat transfer coefficients over the entire surface, they
are reduced to some extent.
Assuming the presence of a thin thermal boundary layer
along the tube surface in the CV, the energy integral equation
for the isothermal boundary condition can be written as
(5)
Using a fourth-order velocity profile and a third-order temperature profile that satisfy all the boundary conditions (Khan et al.
[37]) and assuming
for
, (5) can be integrated to give

Thus, the dimensionless local heat transfer coefficient can be
written as
(11)
The average heat transfer coefficient is defined as

(12)
In dimensionless form, heat transfer coefficient can be written
as
(13)
The first term on the right hand side gives the dimensionless
average heat transfer coefficient of the tube from the front stagnation point to the separation point, and can be obtained, using
(11), (12), for different pitch ratios and then correlated them to
obtain a single expression in terms of
and
numbers for
both in-line and staggered arrangements. This expression can be
written as
(14)

(6)
is the potential flow velocity outside the boundary
where
layer, and is the pressure gradient parameter obtained from the
momentum integral equation and the definition of momentum
boundary layer thickness. The values of are obtained corresponding to each position along the tube surface and are fitted
by the least squares method and given by
(7)

where
is a constant which depends upon the longitudinal
and transverse pitches, arrangement of the tubes, and thermal
boundary conditions. For isothermal boundary condition, it is
given by (15), shown at the bottom of the page. Equation (15)
is valid for
and
for both
arrangements (see Fig. 4).
The second term on the right hand side of (12) gives the dimensionless average heat transfer coefficient of the tube from
the separation point to the rear stagnation point. The integral
analysis is unable to predict these heat transfer coefficients. The

In-Line
Staggered

(15)
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Experiments [37], [38], [39] show that, the heat transfer from
the rear portion of the cylinder increases with Reynolds numbers. From a collection of all known data, Van der Hegge Zijnen
[40] demonstrated that the heat transferred from the rear portion
of the cylinder to the air can be determined from

is a constant which depends upon the longitudinal
where
and transverse pitches, arrangement of the pins, and thermal
boundary conditions. For isothermal boundary condition, it is
given by (31), shown at the bottom of the page. Combining
(18)–(20), (21) can be solved for the average heat transfer coefficient of the heat sink

(16)
(32)
Thus, the total heat transfer coefficient from a single tube in the
first row can be written as

where
is a constant and for both pin-fin arrangements, it is
written as

(17)
(33)
D. Average Heat Transfer Coefficient for Heat Sink
is averaged and asIf the base temperature of the heat sink
sumed to be constant, the energy balance for the control volume
(Fig. 3) is

and
is the aspect ratio of the fin. Thus the dimensionless heat transfer coefficient for the heat sink may be expressed
as
(34)

(18)
where

E. Average Fluid Temperature
(19)
(20)
(21)

with
(22)

An energy balance for the control volume of length
(Fig. 5) gives
(35)
is the mass flow rate of air and
is the heat flow
where
coming from the fin and the exposed (unfinned) surface of the
baseplate and they are given by
(36)
(37)

(23)
(24)
(25)

Equation (35) can be simplified and integrated to give the fluid
at any position inside the heat sink
temperature
(38)

(26)
(27)
(28)

Therefore, the average fluid temperature inside the heat sink will
be

The mean heat transfer coefficients
and
for the baseplate and the pin-fin arrays are obtained by Khan [32] and are
written as

(39)
The air temperature leaving the heat sink can be determined
from (39) by using
at

(29)
(40)

(30)

In-Line Arrangement
Staggered Arrangement

(31)
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TABLE I
DIMENSIONS USED FOR MODELING OF PIN-FIN HEAT SINKS

Fig. 4. Control volume for energy balance.

is the thermal resistance of the exposed surface of the
where
baseplate, i.e.,
(43)
is the bulk resistance of the baseplate material and is
and
given by
(44)
where is the thermal conductivity of the baseplate, and
are the mean heat transfer coefficients for the fin array and the
baseplate and can be determined from (29) and (30), respectively.
G. Heat Sink Pressure Drop
Fig. 5. Temperature distribution of air in pin-fin heat sink.

For a heat sink, the total pressure drop is given by
(45)

F. Heat Sink Resistance
Assuming that the entire baseplate is fully covered with electronic components, and the fins are machined as an integral part
of the baseplate, the thermal resistance of the heat sink can be
written as

is the pressure drop due to the irreversible free
where
expansion that always follows the abrupt contraction,
is the pressure loss due to core friction, and
is the pressure loss associated with the irreversible free expansion and momentum changes following an abrupt expansion. These pressure
drops can be written as

(41)
where
is the total number of pin-fins,
resistance of the fin and is given by

is the thermal

(42)

(46)

where and are the abrupt contraction and abrupt expansion
coefficients, respectively, is the friction factor, and
is the
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TABLE II
RESULTS OF IN-LINE AND STAGGERED HEAT SINKS

Fig. 7. Pressure drop as function of red for in-line arrangement.

Fig. 6. Temperature of air leaving heat sink as function of Re

and

N

.

these plots by inverse power series relationships and recommended several correlations depending on of ,
and
.
They also fitted and recommended several correlations for the
correction factors for the pressure drop with small number of
rows. These authors digitized all the graphical results for pressure drop and their correction factors separately and used curve
expert software to develop single correlations for the friction
factors and correction factors for each arrangement. These correlations can be used for
,
and
. They are given by
In-Line Arrangement

number of pins in the longitudinal direction. The coefficients of
abrupt contraction and expansion have been established graphically by Kays [33] for a number of geometries. The following
correlations are derived from those graphs:

(47)

(49)
Staggered Arrangement
where
is a correction factor depending upon the flow geometry and arrangement of the pins. It is given by (50), shown at
the bottom of the page.
III. RESULTS AND DISCUSSION

with
(48)
Žukauskas and Ulinskas [10] collected data, from a variety of
sources, about friction factors for the flow through in-line and
staggered arrays having many rows and plotted them in the form
versus
, where
is the dimensionless pressure
drop and
is a parameter accounting for geometry. They fitted

The dimensions given in Table I are used as the default case
for the modeling of both in-line and staggered pin-fin heat sinks.
The air properties are evaluated at the ambient temperature. The
results obtained for both in-line and staggered arrangements are
shown in Table II. It is obvious from Table II that the in-line
arrangement gives higher thermal resistance and lower pressure
drop than the staggered arrangement. As a result, the average
heat transfer coefficient is lower and the baseplate temperature
is higher for the in-line arrangement. It means that, under the

In-Line Arrangement
Staggered Arrangement

(50)
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Fig. 8. Pressure drop as function of Re

for staggered arrangement.

same situation, staggered arrangement gives better thermal performance at the cost of higher pressure drop.
Fig. 5 shows the temperature distributions of air in the heat
sink for both arrangements. The baseplate is kept at constant
temperature . No appreciable effect of pin-fin arrangements
on the temperature of air could be found in the entrance region.
However, as the distance from the inlet increases, the in-line
arrangement shows higher temperature up to the exit. This is
mainly due to higher thermal resistance offered by in-line arrangement.
The variation of air temperature at the exit versus Reynolds
in an in-line arrangenumbers for different number of pins
ment is shown in Fig. 6. As expected, the temperature of the
air leaving the heat sink decreases with increasing Reynolds
number and number of transverse rows. As number of rows increases, the heat transfer surface area increases and as a result
the temperature of the air decreases. The same behavior could
be observed for staggered arrangement.
Fig. 7 shows the total pressure drop versus Reynolds number
in an in-line arrangement. The
for different number of pins
pressure drop increases with Reynolds number and pin density.
For small Reynolds numbers and pin densities, there is no appreciable change in the pressure drop. However, as the Reynolds
number and the pin density increase, the difference in pressure
drops increase.
Fig. 8 shows the same trend of pressure drop for different
number of pins in the flow direction for staggered arrangement.
In both cases, whether pin density or Reynolds number increase,
hydraulic resistance increases and as a result the pressure drop
increases.
Heat transfer from heat sinks depends mainly on the Reynolds
number, pin arrangement, heat sink material, and properties of
the incoming fluid. Dimensionless heat transfer coefficients for
the heat sink are plotted in Figs. 9–12 versus Reynolds numbers
for different arrangements. In Fig. 9, heat transfer coefficients
versus Reynolds numbers are plotted for different pin densities.
The heat transfer coefficients of the heat sink increase with the
pin density. For the specified baseplate dimensions, the increase
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Fig. 9. Nusselt number as function of Re

Fig. 10. Nusselt number as function of Re

for in-line arrangement.

and

H for in-line arrangement.

in pin density decreases the transverse as well as longitudinal
pitches which increases the heat transfer.
Fig. 10 shows the variation of Nusselt number versus
Reynolds numbers for different pin heights. It is evident that
heat transfer decreases with the increase in pin height but
increases with Reynolds numbers. With increasing number of
transverse or longitudinal rows, heat transfer also increases.
This is shown in Fig. 11 for staggered arrangement.
In Fig. 12, the variation of heat transfer coefficients is shown
for different materials (having low thermal conductivity to high
conductivity). It is clear that plastic composites
have very low heat transfer coefficients, whereas aluminum
and copper (
and 400
) have higher heat
transfer coefficients. For higher Reynolds numbers, the difference in heat transfer between these materials is also evident.
Both in-line and staggered arrangements show the same behaviour.
The comparison of the present results with the numerical data
of Hamilton et al. [28] is presented in Fig. 13 for staggered
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Fig. 11. Nusselt number as function of Re and

H for staggered arrangement.
Fig. 13. Nusselt number as function of Re
ment.

for 2.5

2 1.5 staggered arrange-

3) Heat transfer models for in-line and staggered arrangements are suitable in designing pin-fin heat sinks.
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