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Abstract

Application of highly conductive coatings to contacting surfaces is a commonly employed method
to enhance the thermal contact conductance. In many applications it is often necessary to apply an
intermediate coating such that the conductive coating may be applied to a non-adhering substrate.
In these instances, it is desirable to predict the effect that the intermediate and final coatings have on
the constriction resistance. A solution for computing the thermal constriction resistance of a planar
circular contact on a doubly coated substrate is presented. Also a model is developed to compute
the contact conductance between a bare substrate and a coated substrate. Comparisons are made
with data obtained in the literature for which no analytical model was available. Solution of the
governing equations and numerical computation of the constriction resistance were obtained using
Computer Algebra Systems (CAS).

Nomenclature 7,2 = cylindrical coordinates, m
R, = counstriction resistance, K/W

a,b = two radii with a < b, m t1,t2,...,t, = coating thickness, m

A AL A, = area, m? T = temperature, K

A, Bi, = Fourier-Bessel coeflicients T = area mean temperature, K

CAS = Computer Algebra System TEF = Thermal Enhancement Factor

Cr = constriction correction factor Z1,%2,...,2n, = interface location, m

DLC = Diamond-Like Coating

e = natural log base Greek Symbols

Jo(z) = Bessel Function of the first kind Jé] = equation parameter

of order zero On = nth cigenvalue
J1(z) = Bessel Function of the first kind € = contact spot aspect ratio, a/b
of order one or \/m

he = contact conductance, W/m?K Y = equation parameter

H. = contact micro-hardness, M Pa A — separation constant

ko, k1, ka, k3 = thermal conductivity, W/mK P = constriction parameter

Ko = ka/kq thermal conductivity ratio ¢ — equation parameter

K3s = k3/ky thermal conductivity ratio On — boundary condition

L = characteristic length modification factor

N = number of contacts o/m = rms roughness/mean asperity slope

P = contact pressure, M Pa T = relative coating thickness, A;/a

Q = total heat flow rate, W

Subscripts
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Introduction

This paper presents the general theory of multilay-
ered flux tubes and discusses a particular case of a flux
tube having two applied coatings. An application of the
results in thermal contact resistance models is also pre-
sented through the development of a new model. Com-
parisons are then made with experimental data presented
in Marotta et all.

Thermal constriction resistance has applications in
predicting the contact conductance across semi-conductor
Jjunctions and in thermal contact resistance models. So-
lution for the thermal constriction resistance of a planar
heat source in perfect contact with a semi-infinite region
has been examined by numerous researchers. Yovanovich
and Antonetti? and Yovanovich® present a comprehensive
review on the theory and application of constriction resis-
tance for bare and singly coated surfaces.

Of particular interest, is the solution for the constric-
tion resistance of an array of contacts. As the spacing
between contacts approaches the characteristic dimension
of the contact, it becomes necessary to model the contact
as a heat source in perfect contact with an insulated semi-
infinite cylinder or flux tube. The theory of flux tubes is
presented in Yovanovich3 for bare surfaces and in Negus,
Yovanovich, and Beck* for bare surfaces having arbitrar-
ily shaped contacts. Antonetti® presents the complete so-
lution for a circular flux tube with a single and double
coating.

Problem Statement
and Solution

The contact between two conforming rough surfaces
in a vacuum may be modelled as an array of circular con-
tact spots. The total heat transfer is then determined
by combining all of the elemental flux tubes in parallel.
The governing equation for each elemental flux tube is
Laplace’s equation in circular cylinder coordinates. If the
flux tube is composed of N layers in the axial direction as
shown in Fig. 1, then Laplace’s equation must be written
for each layer, resulting in a system of N equations and
2(N + 1) boundary conditions.

A system consisting of a cylindrical substrate and two
base coatings is presented in Fig. 2. The governing equa-
tion in each coating and substrate is
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for + = 1,2,3. The appropriate boundary conditions are
summarized in Table 1.

Solution for Temperature
Distribution in Each Layer

The resulting system of three equations and eight
boundary conditions is easily solved by analytical meth-
ods. Solutions to heat conduction problems in composite

systems using integral transforms and separation of vari-
ables are discussed in Ozisik®. The problem as stated
above, may be solved by separation of variables. Apply-
ing the method of separation of variables results in

Ti(r, ) = Jo(Ar)[Ase ™™ + B;e™] (2)

where the Bessel function Yy(Ar) has been eliminated due
to the singularity at » = 0. Application of the boundary
condition along r = b yields the characteristic equation

J1(0n) =0 (3)

where d, = A,b. The eigenvalues for this equation are
well tabulated in Abramowitz and Stegun?, or they may
be approximated to single precision using Stokes’ approxi-
mation (Gray and Mathews®). A modified Stokes approx-
imation developed by Yovanovich® which provides greater
accuracy is given below:
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where 8, = w(4n + 1) and n > 3.

Table 1 Boundary conditions

Radial z>0,1=1,2,3
aT;
1 =20 =0
or r=0
. aT;
ii r=25b =0
or r=5b
Axial 0<»r<b
i1 z— 00 T3(r,z > 00) =0
To(r,22) = T3(r, 22)
iv zZ =29 = tl -|— t2
oT- aT:
ke =2 = kg —>
az z=2zp az z=2zp
Ti(r,21) = Ta(r, 21)
v z=z1 =%
T, oT-
By —L = ky =2
Oz z=1zq 9z z=1zq
T,
=1 = % 0<r<a
vi 2 =0 Oz |.=0 mwa?ky
T,
i1 =0, a<r<b
Oz z=0 B
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Fig. 1 Multilayered flux tube
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Fig. 2 Flux tube with two applied coatings

In this paper, exact values are used for the first five
eigenvalues and the remainder are computed using Eq.
(4). The solution for each coating becomes

Ty(r,z) = Y Jo(Aar)[A1,e™*" + By ] (5)

n=1

and
To(r,z) = Y Jo(Aar)[Az,e™** + By, eM]  (6)
n=1

Now eliminating the singularity at z — oo requires
that B3 = 0, and the solution for the temperature in the
substrate becomes

Ts(r, z) = ZAgnJo(/\nr)e_)‘"z (7)
n=1

The five constants may be determined by applying
the remaining boundary conditions at each interface and
at the contact plane. Application of Eqs. (iii-v) in Table 1
results in a system of four equations which may be solved
for the constants: A;_ ,Bi,,As2,, and Bz, . The solution
to this system of equations was easily obtained using the
Computer Algebra Systems Maple'® and Mathematica®®.
The four constants in terms of the unknown constant As,
are

A, = %((1+K21)(1+K32) (8)

+(1— Ka21)(1— K32)6_26""2)

A
Bln = % ((1 — Kgl)(]. =+ K32)6_26"ET1 (9)

+(1+ Ka1)(1 - K32)6_26"E(T1+T2))

A
Az, = %(1 + K32) (10)
A — e(r1+T1
an = %(1 — K32)6 2ne(ritm) (11)
where K21 = ka/k1,K32 = ks/ks are the relative con-
ductivity of adjacent layers, 71 = t1/a, 72 = t3/a are

the relative thicknesses of each coating, §, = A, b are the
eigenvalues of Eq. (3), and € = a/b is the contact spot
aspect ratio.

The final constant As, is obtained by taking a Fourier-
Bessel series expansion of Eq. (vi) in Table 1. This results
in

_ 8 Q Jl(éne)

Ar = 2 % 1€
S k1a 62 J2 (0 )Y

(12)



where the dimensionless parameter v, which accounts for
the effects of each layer’s conductivity and thickness, is

defined as

Yo = (1 4+ K31)(1 4+ K33)

—(1 — Kgl)(]. + K32)6_26"ET1

+(1 = K1)(1 — Kzp)e™ 2

—(1 4 Ka21)(1 — K3z)e~2ne(mts)

(13)

Contact Area Boundary Conditions

The solution given above may also be obtained for
an arbitrarily prescribed heat flux. Two cases which are
often considered are the isoflux and isothermal contacts.
In the case of an isoflux contact, the temperature profile
which results is parabolic, with the maximum tempera-
ture occurring at the centroid of the contact (see Fig. 3).
Alternatively, if one prescribes a parabolic heat flux dis-
tribution with the minimum at the centroid of the contact
spot, a uniform temperature distribution will result. The
equations presented so far are for the isoflux case.

g a(r)

Isoflux Condition Isothermal Condition

@ (b)

Fig. 3 Isoflux and isothermal
boundary conditions

Yovanovich!®> and  Negus, Yovanovich  and
Thompson'? discuss the solution for constriction resis-
tance in semi-infinite domains for uncoated and coated
surfaces for arbitrary heat flux distributions. Using the
results of Yovanovich'?, it can be shown that the isother-
mal contact may be modelled using the isoflux case by
simply multiplying each term in the series by the factor

M 1sothermal
1 1soflur

The results presented in this paper are based upon
the isothermal contact condition, rather than the isoflux
contact condition. The difference between these two cases
is approximately eight percent as ¢ — 0 and ™ — oo.
In this limit, the solution approaches that of an isolated
contact on a semi-infinite region.

Thermal Constriction Parameter

In order to use the results of the previous section in
contact resistance models, we must define the constriction
resistance and the dimensionless constriction parameter.
The constriction resistance is defined as

Tcontact - Tcp

R, = 15
2 (19
where
T —L/GT( 0)27rd (16)
contact — a2 o 17, Trar
is the mean temperature of the contact spot, and
_ 1t
T.p= W/o Ty(r,0)27rdr (17)

is the mean temperature of the contact plane.
The constriction parameter 1 is defined with respect
to the substrate thermal conductivity ks:

where £ is some characteristic length of the contact spot
geometry. For the case of a circular contact, £L = a,
the radius of the contact. Extension of this solution for
non-circular contacts is discussed later, and an alternative
length £ is proposed.

Special Cases

In order to examine the effect that each coating has on
the constriction resistance the solution for the constriction
parameter in the singly and doubly coated contacts will be
presented in terms of the bare surface constriction param-
eter. The constriction parameters for the singly coated
and bare surfaces may be obtained as special cases from
the constriction parameter for the doubly coated surface.

Bare Surface

By setting Ko; = 1 and K3z = 1, the bare contact
constriction parameter becomes

16
’l/Jbare — ; ZP

n=1

JE(6n€)

" 53.72(6s) (19)

Simple correlations which may be used in place of Eq.
(19) have been developed by Yovanovich® which cover the



range 0 < e < 0.9 with a maximum error of 0.02 percent.
These are

YL .o (€) = 1 — 1.40978€ + 0.34406¢> (20)
+0.04305¢° + 0.02271€”
and
Pl (€) = 1.08076 — 1.41042¢ + 0.26604¢° (21)

—0.00016€® + 0.058266¢"

where the superscripts T and q indicate the isothermal
and isoflux boundary conditions respectively.

Single Coated Surface

By setting K35 = 1 the single layer contact constric-
tion parameter becomes

16 o=~ J7(6ne)
single — — N a9 o v 22
Vaing we;p 33J2(5,) (22)

(14 K1) + (1 — Kap)e=29nem
(14 Ka1) — (1 — Kyq)e™2onens

Double Coated Surface

*K21

The two layer contact constriction parameter is

EHUDE ﬂK21K32

16
’l/)double — ; an 62J§(6n) ¢_

n=1

where

¢t = (1 4+ Ka1)(1 + K32)

+(1 — Ka1)(1 + Kap)e 2nem

+(1 = Ka1)(1 = Kap)e™ >

+(1 4 Kz1)(1 — Kgp)e™ 20ne(mitrs)

The effect that each coating has on the constric-
tion parameter is easily seen in Eqs. (19, 22 and 23).
Antonetti® computed results for the bare surface constric-
tion parameter and also tabulated values of the constric-
tion resistance correction parameter for a wide range of
parameters. The correction parameter for the constric-
tion resistance in a layered system is defined as

CL — 1/)single,double (25)
1/)bare

Results for the single layer constriction correction
parameter have been reported in graphical form in
Antonetti® and Antonetti and Yovanovich!®. Tabulation
of the double layer constriction parameter would be too
involved due to the large number of parameters involved.
In a later section, a parametric analysis is conducted for
comparison of experimental data with a new contact con-

ductance model.

Isolated Contact ¢ — 0

As € — 0, the contact becomes isolated and the solution
for a single contact on a half-space is obtained. Comput-
ing this special case requires several thousand terms, thus
the half-space solution should be used instead, if comput-
ing resources are limited. However, with most computer
algebra systems such as Maple'® and Mathematica'®, the
computation time is quite reasonable and there is no need
to resort to the half-space solutions. The interested reader
should refer to Negus, Yovanovich, and Thompson'3 for
the procedure to obtain the half-space contact solution.

Effect of Contact Spot Geometry

In many applications of constriction resistance the
contact spot may not be circular. Other common shapes
include square and triangular contacts. The model pre-
sented above is easily modified to account for a contact
spot of arbitrary shape. The effect of contact spot geome-
try on constriction resistance was studied by Yovanovich,
Burde and Thompson'®. It was shown that the bare sur-
face constriction parameter for an isolated contact on a
semi-infinite region is a weak function of geometry when
the constriction resistance is non-dimensionalized using
L = /A, as a characteristic length, where A, is the area
of the contact spot. Negus, Yovanovich, and Beck* also
showed that the constriction parameters for semi-infinite
flux tubes having various shapes are also weak functions
of geometry if non-dimensionalized using the square root
of the contact area.

It can be shown that the constriction parameter for
the singly and doubly coated contacts are also weak func-
tions of the contact spot geometry. Thus the solution
given above may also be used for contact spots of arbi-
trary shape if the constriction parameter is defined as

¥ = 4ks\/ AR, (26)
and the relative contact spot size is defined as
e=/A./A: (27)

where A; is the cross-sectional area of the flux tube.
The equivalent contact spot radius a is chosen such that

a=+/A. /.

Application in Thermal
Contact Conductance Models

An important application of thermal constriction re-
sistance arises in the prediction of the thermal contact
resistance between two contacting, nominally flat, rough
surfaces. In many applications the contact conductance is



enhanced if one of the surfaces is coated with a high con-
ductivity material such as a metallic coating. In certain
instances it i1s necessary to apply an intermediate coat-
ing to promote the adherence of the metallic coating. It
is therefore desirable to assess the overall effect that each
coating has on the enhancement (or reduction) of the ther-
mal contact conductance. The authors have derived a gen-
eral expression for determining the contact conductance
of a doubly coated substrate in contact with a bare sur-
face. Comparisons are then made to experimental data
for Diamond-Like Coatings (DLC) which are presented in
Marotta et all.

Contact Conductance of
Coated Interfaces

Contact resistance in a vacuum environment for the
configuration shown in Fig. 4 is given by Antonnetti®:

R.

1 i |:1/)bare (28)

_ _ 1/)coated
= heds N |4koa T

4]4?3&

where a is the mean contact spot radius, ko and k3 are
the conductivities of the upper bare surface and the sub-
strate of the lower surface (see Fig. 4), h¢ is the contact
conductance, A, is the apparent contact area, N is the to-
tal number of contact spots and Ppare and teoqteq are the
thermal constriction parameters for the bare and coated
surfaces respectively.
Therefore we have

2 2k0k3 Na

he = —
Aa (k?) + k0¢coated/¢bare) ’l/Jbare

(29)

From Yovanovich!® for a bare interface, the contact
conductance is given by

2 2k0k3 Na
Aa kO + k3 ’l/Jbare

where ko and k3 represent the conductivities of the two
bare surfaces in contact. Comparing the expression for
contact conductance for the coated configuration in Fig.
4 and the bare interface given by Yovanovich!® we can
rewrite the expression for contact conductance for the
coated interface as follows:

hc,bare = (30)

ko + k3
ks + Crko

where TEF = (ko + k3)/(ks + Crko) is called the ther-
mal enhancement factor and Cr = ¥coated/Vbare 1 the
constriction correction factor defined earlier.

From Yovanovich!® he,pare 18 correlated as:

hepare = 1.25 (%) k. <H£> 0.95

hc = hc,bare = hc,bareTEF (31)

(32)

Therefore,

he = 1.25 (%) ks <£>0'95 TEF

I (33)

where ks = 2koks/(ko+ k3) is the harmonic mean thermal
conductivity of the bare interface. If the TEF > 1 there is
an enhancement in the contact conductance over the bare
interface due to coatings.

Al356
DLC
I
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Al6101
or SI3N4

Fig. 4 Configurations considered
for parametric analysis

Parametric Analysis and
Comparison with Data

In this section we examine the effect of using
Diamond-Like Coatings (DLC) to enhance contact con-
ductance. In practice DLC’s cannot be directly applied
on a substrate. Once the substrate surfaces are prepared,
each test surface must be coated with a 3 pm layer of sil-
icon nitride (see Marotta et all). This coating was neces-
sary to ensure the stability of the surface for the deposition
of a DLC.

The experimental study of Marotta et al' included
two types of interfaces, each with three to four different
coating thicknesses. The first type consisted of two alu-
minum substrates with upper specimen bare and lower
specimen coated with silicon nitride and DLC on top of
it. The silicon nitride coating thickness was fixed at 3 pum
whereas the thickness of the DLC was varied from 0 um
(i.e. no coating) to 5 pum. The second type consisted of
the same bare aluminum alloy on top but the substrate of
the coated specimen was changed to copper.

In the present work a comparison is made of the exper-
imental results from Marotta et al® with the present model
using the bulk values of thermal conductivities. Then an
estimate of the actual thermal conductivies of the coatings
will be made with the aid of the present model.



In order to generate parametric plots of contact con-
ductance h. versus dimensionless contact pressure P/H.
one must calculate the correction factor Cp, at each value
of applied pressure for the given surface, material and
thermal properties. In order to calculate the correction
factor Cp at particular values of the dimensionless con-
tact pressure (P/H,.) one requires the thermal conductivi-
ties: ko, k1, k2 and ks, the thicknesses of the two coatings:
t1 and ¢ and the mean contact spot radius a. The mean
contact spot radius is determined using the approximation
developed by Sridhar!”:

0.071
a=0.645" <£>
m

i (34

The upper aluminum specimen (Al356) is the softer
one and 1t is assumed to undergo full plastic deforma-
tion. It is known from past experience (Nho'®) that alu-
minum alloys do not generally possess a hard surface layer
and the microhardness of the alloy is almost equal to the
bulk hardness. Based on this assumption, the experimen-
tal data from Marotta et all were reduced using a single
hardness value H. = 1256 M Pa.

The correction factor Cp, TEF, and thus contact con-
ductance h., were computed by means of the Computer
Algebra System Mathematica'l, using about two thou-
sand terms for each computation for the configurations
tested by Marotta et all. Each computation of contact
conductance took about 80 seconds on a PC with 16
Megabytes of memory and a 486 DX4 100 MHz CPU.

Figure 5 (a) shows a plot of contact conductance ver-
sus dimensionless plastic contact pressure for the configu-
ration without the DLC. The upper and lower specimens
are aluminum (see Fig. 4) with a 3 pm silicon nitride
coating on the lower specimen. The surface roughness pa-
rameter o/m was varied from 5 pm to 60 pm. The data
had a roughness o/m = 5.6 pm. The sampling interval
at which the roughness data was obtained was not avail-
able. The computed values lie well above the data most
probably because the conductivities of DLC and silicon
nitride used were that of the bulk material which are 2100
W/(mK) and 15 W/(mK) respectively.

A similar trend is seen in Figs. 5 (b) — 5 (d) where the
DLC is introduced and its thickness is varied. The experi-
mental data lie well below the predictions. The roughness
parameter o /m for data in Figs. 5 (b) — 5 (d) are between
5.8 pm and 6.0 pm.

Predictions for the second configuration where the
lower substrate is changed to copper are shown in Figs.
6 (a) — 6 (d). Marotta et al' did not report contact
conductance data for the configuration without the DLC.
Comparison of data with the predictions in Figs. 6 (b) —
6 (d) are similar to the previous configuration with data
falling well below the model.

The numerical values of the thermal enhancement fac-
tor (TEF) for each set of computations are included in

Figs. 5 (a)—(d) and Figs. 6 (a)—(d). If the TEF is greater

than 1 there is enhancement over a bare interface for the
same configuration, and if TEF is less than 1 there is a
decrease in heat transfer through the joint over the bare
interface. The TEF was found to be almost independent of
applied load for the computations in this work and hence
a single value for the three computations is reported.

It is clearly seen from the comparisons that the model
overpredicts the data with bulk values of conductivities for
thin films. It has been shown by Lambropoulos et all®20
through measurements of the thermal conductivity of thin
films that the value may be as much as two orders of mag-
nitude lower than that of the corresponding bulk solid. A
comparison of bulk and film conductivity is presented in
Table 2. The measurements were made in air for a wide
variety of thin films of oxides, flourides, nitrides, amor-
phous metals and superconductors.

Table 2 Thermal conductivity of
bulk materials and thin films?°

Material kim (W/mK) | kyax (W/mK)
Si0s 04—-1.1 1.2 -10.7
Ti0s 0.5— 0.6 7.4—10.4
Z7r0s 0.04 —
Al>03 0.72 20 — 46
MgF, 0.58 15— 30
Air — 0.025
Ozides/ Fluorides — 1.0 - 10
Diamond I,11 — 1200 — 2300
Silicon — 150

With the aid of the experimental data of Marotta et
, an attempt is made to estimate the conductivity of
coatings by decreasing the conductivity of silicon nitride
and DLC in the model until the model and the data co-
incide.

all

The first step was to estimate the conductivity
of silicon nitride coating. Figure 7 shows a comparison
between the model (i.e. computed values) and data for
different values of conductivity. As the conductivity of
the silicon nitride coating is decreased from its bulk value
of 15 W/(mK) to 2.4 W/(mK) the computed values co-
incide with the experimental data.

Having estimated the conductivity of the silicon ni-
tride coating, the conductivity of the DLC coating was
then determined by again decreasing the conductivity and
comparing with data (see Fig. 8). For the configuration
shown in Fig. 8 the conductivity of 1 pm DLC coating
was 0.05 W/(mK).

A similar estimate of the conductivities for different
configurations tested by Marotta et al’ was made. It was
found that the conductivity of 3 pm and 5 pm thick coat-
ings of DLC on Al6106 was between 0.02 W/(mK) — 0.03
W/(mK). The conductivities of the coatings on copper
were slightly lower with 1 um coating having a conductiv-
ity between 0.035 W/(mK) — 0.04 W/(mK). The thicker
coatings (i.e. 3 ym and 5 pm) had conductivities ranging

from 0.015 W/(mK) — 0.02 W/(mK).
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Fig. 5 Contact conductance versus dimensionless contact pressure for
different interface roughnesses for specimens with aluminum substrate
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Fig. 6 Contact conductance versus dimensionless contact pressure for
different interface roughnesses for specimens with copper substrate
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Comparison of the predicted values of thermal con-
ductivity compare quite well with data reported in Lam-
bropoulos et al'®2%, where the authors reported measure-
ments for the thermal conductivity of thin films of various
materials. It should also be noted that the predictions
of Lambropoulos et al'%2? were computed using the anal-
ysis of Dryden®! for a point contact on a single coated
half-space. The method outlined earlier for fitting the ex-
perimental data of Marotta et al! to the analytic model is
similar to the procedure used by Lambropoulos et all®20
to determine the conductivity of thin films. Thus, an al-
ternate method for determining the conductivity of thin
films has been developed.
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Summary and Conclusions

This paper presents the general theory for determin-
ing the constriction resistance for an isoflux or isothermal
planar heat source in contact with a multilayered semi-
infinite flux tube. The solution was presented for several
special cases which result for particular combinations of
the physical parameters. In addition, extension of the so-
lution for contacts of arbitary shape was also discussed.

The solution to the governing equations and compu-
tation of numerical results were performed using the Com-
puter Algebra Systems Maple'® and Mathematica''. Both
of these packages are capable of performing symbolic and
numerical computations, and provide an efficient means
for computing the special functions which appear in the
solutions.

Finally, a simple application of the theory of constric-
tion resistance in multilayered contacts was discussed for
the particular case of predicting the thermal contact re-
sistance between two contacting planes. In this particular
case, one of the substrates has been coated in order to en-
hance the thermal contact conductance between planes.
It was found that the experimental data fell below the
values computed using the model when the bulk values of
the thermal properties were used. However, the correct
trend in the data was predicted by the model. By using
the model to match the experimental data, the thermal
conductivity of each layer was predicted. The resulting
values were much smaller than the reported bulk prop-
erties, but compared quite well with experimental results
reported for thin films.
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