
Basic Concepts of Thermodynamics

Reading Problems
1-1 → 1-11 1-33, 1-36, 1-37, 1-40, 1-49, 1-53

Thermal Sciences

The thermal sciences involve the storage, transfer and conversion of energy.

IMPORTANT QUESTIONS ABOUT ENERGY:

• how is energy stored in matter?

– kinetic energy (flywheels, windmills) and gravitational potential (hydroelec-
tric dams)

• how is energy exchanged between a system and its surroundings?

– work, heat transfer

• how is energy transformed or converted?

– chemical → electrical or mechanical (fuel cells and automotive engines)

– phonons → electric (photovoltaics) or thermal (solar panels)

– nuclear → electric (fission reactors)

We will study the basic laws and principles that govern the three disciplines of thermal
sciences, namely, thermodynamics, heat transfer and fluid mechanics.

Thermodynamics: the study of energy, energy transformations and its relation to matter.
The analysis of thermal systems is achieved through the application of the governing
conservation equations, namely Conservation of Mass, Conservation of Energy (1st
law of thermodynamics), the 2nd law of thermodynamics and the property relations.

Heat Transfer: the study of energy in transit including the relationship between energy,
matter, space and time. The three principal modes of heat transfer examined are
conduction, convection and radiation, where all three modes are affected by the ther-
mophysical properties, geometrical constraints and the temperatures associated with
the heat sources and sinks used to drive heat transfer.
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Second law of thermodynamics
Properties

Fluid statics
Conservation of momentum
Mechanical energy equation
Modeling

Conduction
Convection
Radiation
Conjugate

Fluid Mechanics: the study of fluids at rest or in motion. While this course will not deal
extensively with fluid mechanics we will be influenced by the governing equations for
fluid flow, namely Conservation of Momentum and Conservation of Mass.

Thermodynamics

Whenever there is an interaction between energy and matter, thermodynamics is involved.

The following common thermodynamic systems are just a few examples of forms of energy
conversion in everyday life.

Given Energy −→ Thermodynamic −→ Desired Energy
Form System Form

Chemical, Solar,
Nuclear, Kinetic (Wind), −→ PowerP lant −→ Electricity
Potential (Hydroelectric)

Chemical (gas) −→ V ehicle −→ Motion

Chemical (food) −→ Human −→ Motion

2



Instead of tracking the movement of matter and energy on a particle by particle basis
(microscopic approach), classical thermodynamics uses a macroscopic approach where
we use the conservation equations (energy and mass) to track movement on an average over
a fixed domain.

Dimensions and Units

SI: International System

• SI is the prefered because it is logical (base 10) and needs no correction factors

• unit convention:

Parameter Units Symbol

length, L meters m
mass, m kilograms kg
time, t seconds s
temperature, T kelvin K
velocity, V meter per second, ≡ L/t m/s
acceleration, a meter per second squared ≡ L/t2 m/s2

force, F newton, ≡ m · L/t2 N
energy, E joule ≡ m · L2/t2 J

Note: 1 N = 1 kg · m/s2

1 J = 1N · m = 1 kg · m2/s2

gc = 1 kg · m/N · s2

Thermodynamic Systems

SYSTEM:

• thermodynamic systems are classified as either open or closed

Closed System: composed of a control (or fixed) mass where heat and work
can cross the boundary but no mass crosses the boundary.

Open System: composed of a control volume (or region in space) where heat,
work, and mass can cross the boundary or the control surface
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Isolated Boundary

System

Surroundings

Work

Heat

System Boundary

(real or imaginary

fixed or deformable)

System

- may be as simple

as a melting ice cube

- or as complex as a

nuclear power plant

Surroundings

- everything that interacts

with the system

WORK & HEAT TRANSFER:

• thermodynamics deals with the properties of matter as a system interacts with
its surroundings through work and heat transfer

• work and heat transfer are NOT properties → they are the forms that energy
takes to cross the system boundary

Thermodynamic Properties of Systems

Basic Definitions

Thermodynamic Property: Any observable or measurable characteristic of a system.
Any mathematical combination of the measurable characteristics of a system

Intensive Properties: Properties which are independent of the size (or mass) of the
system

• they are not additive ⇒ XA+B �= XA + XB

• examples include: pressure, temperature, and density

Extensive Properties: Properties which are dependent of the size (or mass) of the sys-
tem

• they are additive ⇒ XA+B = XA + XB

• examples include: volume, energy, entropy and surface area
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Intensive Properties

Pressure P N/m2 or Pa
Temperature T K

Extensive Properties

Volume V m3

Mass m kg
Other Properties (Intensive and Extensive)

Specific VolumeA V/m = v m3/kg
Density ρ = 1/v = m/V kg/m3

Total EnergyB E/m = e J/kg
Internal EnergyB U/m = u J/kg
EnthalpyB H/m = h = u + Pv J/kg
EntropyB S/m = s J/kg · K
Specific Heat Cp, Cv J/kg · K
Ideal Gas Constant R = Cp − Cv J/kg · K

Notes: A The term “specific” denotes that the property is independent of mass.

There are two exceptions:

1) specific gravity (or relative density) is given where:
ρs = ρ/ρH2O and ρH2O is 1000 kg/m3.

2) specific weight is weight per unit volume
(i.e. W/V = mg/V = ρg = γ)

B The given internal energy, enthalpy and entropy are specific properties.
The term “specific” is dropped.

Measurable Properties

• P, V, T, and m are important because they are measurable quantities. Many other
thermodynamic quantities can only be calculated and used in calculations when they
are related to P, V, T, and m

– Pressure (P ) and Temperature (T ) are easily measured intensive properties.
Note: They are not always independent of one another.

– Volume (V ) and mass (m) are easily measured extensive properties
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Pressure

• gauge pressure = absolute pressure - atmospheric pressure

Pgauge = Pabs = Patm when Pabs > Patm

• vacuum pressure

Pvac = Patm = Pabs when Pabs < Patm

• in thermodynamics calculations, always absolute pressure
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• temperature is a pointer for the direction of energy transfer as heat
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It follows that temperature is a property two systems have in common when they are
in thermal equilbrium with each other

Thermal Equilibrium: TA = TB and Q = 0

0th Law of Thermodynamics: if system C is in thermal equilibrium with system A,
and also with system B, then TA = TB = TC

• the 0th law makes a thermometer possible

C
C

A

T = TA C

B

T = TB C

T = TA B

State and Equilibrium

• the state of a system is its condition as described by a set of relevant energy related
properties.

• thermodynamic equilibrium referes to a condition of equilibrium with respect to all
possible changes in a given system.

State Postulate

• when the intensive properties of a system are specified, the thermodynamic state of
the system is known intensively

• how long does the list of intensive properties have to be in order to describe the intensive
state of the system?
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same

substance

A B

m = 10 kgA
m = 0.1 kgB

T = 500 K

P = 0.1 MPa

v = 0.5 m /kg

u = 3.0 kJ/kg

.

.

.
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• System A and B have the same intensive state, but totally different extensive states.

State Postulate (for a simple compressible system): The state of a simple
compressible system is completely specified by 2 independent and intensive properties.

• note: a simple compressible system experiences negligible electrical, magnetic, gravi-
tational, motion, and surface tension effects, and only PdV work is done

• if the system is not simple, for each additional effect, one extra property has to be
known to fix the state. (i.e. if gravitational effects are important, the elevation must
be specified and two independent and intensive properties)

Thermodynamic Processes

Process: Any change that a system undergoes from one equilibrium state (initial state) to
another (end state)

Quasi-Equilibrium Process: System remains infinitesimally close to an equilibrium state
at all times

Cyclic Process: A process for which the end state is the same as the initial state
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Isothermal Process: A process in which the temperature remains constant

Isobaric Process: A process in which the pressure remains constant

Isochoric (Isometric) Process: A process in which the volume remains constant

Isentropic Process: A process in which the entropy remains constant

Isenthalpic Process: A process in which the enthalpy remains constant

Adiabatic Process: A process in which no heat transfer occurs

Reversible Process: An imaginary process in which the system and surroundings can be
returned to its original condition after the process has been executed

Irreversible Process: A process for which it’s impossible to retain the initial state of the
system without having a net effect on the surroundings

Energy

Process: Stored (static) Energy: Energy forms which can be stored in the matter

Transit (dynamic) Energy: Energy forms which are defined at the system boundary

Internal Energy: All the microscopic forms of energy

Sensible Energy (heat): Part of the internal energy due to the motion of molecules

Latent Energy (heat): Part of the internal energy due to molecular binding forces

Kinetic Energy: All the macroscopic forms of the stored energy which are related to the
motion of the matter

Potential Energy: All the macroscopic forms of the stored energy which are related to
the position of the matter

Total Energy: Sum of all forms of stored energy

Heat (transfer): All transit energy forms that appear because of a temperature differ-
ence

Work (transfer): All transit energy forms that appear because of driving forces other
than a temperature difference
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Transit Energy

Heat

• transit form of energy that occurs when there is ∆T (a temperature gradient)

• heat flow can be slowed (but not stopped) using insulation

• notation - Q (kJ), q (kJ/kg), Q̇ (kW ), q̇ (kW/kg)

• thermodynamics does not specify how q is calculated when ∆T is known (this will be
discussed when you take “Heat Transfer”)

Work

• transit form of energy that occur due to all other driving forces

• notation - W (kJ), w (kJ/kg), Ẇ (kW ), ẇ (kW/kg)

• we will consider different work transfer modes and the method of calculating W
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Properties of Pure Substances

Reading Problems
2-1 → 2-8 2-29, 2-31, 2-32, 2-39, 2-43, 2-47, 2-62

Pure Substances

• materials can be classified from different points of view

• a Pure Substance is the most common material model used in thermodynamics.

– it has a fixed chemical composition throughout (chemically uniform)

– a homogeneous mixture of various chemical elements or compounds can also be
considered as a pure substance (uniform chemical composition)

– a pure substance is not necessarily physically uniform (different phases)

Phases of Pure Substances
• 3 principal phases:

solid → liquid → gas

• a phase is characterized as having a distinct molecular arrangement that is homo-
geneous throughout and separated from the others by easily identifiable boundary
surfaces.

Solids:

– strong molecular bonds

– molecules form a fixed (but vibrating) structure (lattice)

– the velocity of the molecules = f(T )

Liquids:

– molecules are no longer in a fixed position relative to one another

– chunks of molecules float about each other

Gases:

– there is no molecular order

– intermolecular forces ≈ 0
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Behavior of Pure Substances (Phase Change Processes)
• phase change processes:

– the following diagram show the typical behaviors of pure substances
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• this is called a “phase diagram” because all three phases are separated from one another
by three lines

• the “critical point” is the point at which the liquid and vapor phases are not distin-
guishable (we will talk about this more)

• the “triple point” is the point at which the liquid, solid, and vapor phases can exist
together

Critical Point Triple Point
P (atm) T (K / ◦C) P (atm) T (K / ◦C)

H2O 218 647.30/(374.14) 0.006 273.17 (0.01)

O2 50.136 154.80/(−118.36) 0.0015 54.16/(−219.00)
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T − v Diagram for a Simple Compressible Substance

• consider an experiment in which a substance starts as a solid and is heated up at
constant pressure until it all becomes as gas
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• depending on the prevailing pressure, the matter will pass through various phase trans-
formations. At P0:

1. solid

2. mixed phase of liquid and solid

3. sub-cooled or compressed liquid

4. wet vapor (saturated liquid-vapor mixture)

5. superheat vapor
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The Vapor Dome

• the general shape of a P − v diagram for a pure substance is very similar to that of a
T − v diagram

v

critical point

vfg

subcooled

liquid

saturated

liquid line

L+G

vf vg

P

P (T)sat

saturated

vapor line

gas (vapor)

two-phase region

(saturated liquid &

saturated vapor)

Tcr
T

T

• the subscripts denote: f - saturated liquid (fluid) and g - saturated vapor (gas)

• we will express values of properties for conditions on the vapor dome as:

specific volume: vf , vg and vfg = vf − vg

internal energy: uf , ug and ufg = uf − ug

specific enthalpy: hf , hg and hfg = hf − hg

specific entropy: sf , sg and sfg = sf − sg

Properties of Saturated Mixtures

• P and T are not independent in the wet vapor region. To fix the state we require
(T, x), (T, v), (P, x) . . .

• all the calculations done in the vapor dome can be performed using Tables.

– in Table A-4, the properties are listed under Temperature

– in Table A-5, the properties are listed under Pressure

• use if given mixture:
1) is saturated, 2) has a quality, 3) liquid & vapor are present
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Properties of Superheated Vapor

• superheated means T > Tsat at the prevailing P , eg. water at 200 ◦C and 100 kPa
has a saturation temperature of Tsat(P ) = 99.63 ◦C.

• To fix the state we require (T, x), (T, v), (P, x), (P, T ) . . .

v

L

L+G
G

T

T (P)sat

P

P
P = 100 kPa

state: 200 C and 100 kPao

T = 200 Co

Properties of Sub-cooled Liquid

• sub-cooled liquid means T < Tsat at the prevailing P , eg. water at 20 ◦C and
100 kPa has a saturation temperature of Tsat(P ) = 99.63 ◦C.

• To fix the state we require (T, x), (T, v), (P, x), (P, T ) . . .

• can be treated as incompressible (independent of P )

v = v(T, P ) ⇒ v ≈ v(T ) = vf(T )

u = u(T, P ) ⇒ u ≈ u(T ) = uf(T )

s = s(T, P ) ⇒ s ≈ s(T ) = sf(T )

• for enthalpy:

h(T, P ) = u(T, P ) + v(T, P )P ≈ uf(T ) + vf(T )P

= uf(T ) + vf(T )Psat(T )︸ ︷︷ ︸
hf (T )

+vf(T )[P − Psat(T )]
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v
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P = 100 kPa

state: 20 C and 100 kPao

T = 20 Co

therefore we can write

h(T, P ) = hf(T ) + vf(T )[P − Psat(T )]

Using the “Equation of State” to Calculate the Properties of

Gaseous Pure Substances

Thermodynamic relations are generally given in three different forms:

Tables: water (Tables A-4 → A-6, R134a (Tables A-8 → A-10)

Graphs: water (Figure A-7), R134a (Figure A-11)

Equations: air (Table A-12)

• since most gases are highly superheated at atmospheric conditions. This means we
have to use the superheat tables – but this can be very inconvenient

• a better alternative for gases: use the Equation of State which is a functional rela-
tionship between P, v, and T (3 measurable properties)

• experience shows that real gases obey the following equation closely:

Pv = ZRT (T and P are in absolute terms)
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– this equation is used to find the third quantity when two others are known

– Z is the compressibility factor

– R is the gas constant and is known for different gases (R = Ru/M̃)

∗ Ru = 8.314 kJ/kmol · K

∗ M̃ is the molar mass (kg/kmol)

– Note: Rair = 0.287 kJ/kg · K, RH2 = 4.124 kJ/kg · K

• what is the compressibility factor (Z)?

– if we “reduce” the properties with respect to the values at the critical point, i.e.

reduced pressure = Pr =
P

Pc

Pc = critical pressure

reduced temperature = Tr =
T

Tc

Tc = critical temperature

– for all gases a single plot relating Z, Pr, Tr is obtained

Reference Values for u, h, s

• values of enthalpy, h and entropy, s listed in the tables are with respect to a datum
where we arbitrarily assign the zero value. For instance:

Table A-4, A-5 & A-6: saturated and superheated water - the reference for both
hf and sf is taken as 0 ◦C. This is shown as follows:

uf(@T = 0 ◦C) = 0 kJ/kg

hf(@T = 0 ◦C) = 0 kJ/kg

sf(@T = 0 ◦C) = 0 kJ/kg · K

Table A-9 & A-10: saturated and superheated R134a - the reference for both hf

and sf is taken as −40 ◦C. This is shown as follows:

hf(@T = −40 ◦C) = 0 kJ/kg

hf(@T = −40 ◦C) = 0 kJ/kg

sf(@T = −40 ◦C) = 0 kJ/kg · K

Others: sometimes tables will use 0 K as the reference for all tables. While this
standardizes the reference, it tends to lead to larger values of enthalpy and entropy.
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Calculation of the Stored Energy

• for most of our 1st law analyses, we need to calculate ∆E

∆E = ∆U + ∆KE + ∆PE

• for stationary systems, ∆KE = ∆PE = 0

• in general: ∆KE =
1

2
m(V2

2 − V2
1) and ∆PE = mg(z2 − z1)

• how do we calculate ∆U?

1. one can often find u1 and u2 in the thermodynamic tables (like those examined
for the states of water).

2. we can also explicitly relate ∆U to ∆T (as a mathematical expression) by using
the thermodynamic properties Cp and Cv.

Specific Heats: Ideal Gases

• for an ideal gas

Cv =
du

dT
⇒ Cv = Cv(T ) only

Cp =
dh

dT
⇒ Cp = Cp(T ) only

From the equation for enthalpy,

RT = h(T ) − u(T )

If we differentiate with respect to T

R =
dh

dT
− du

dT

R = Cp − Cv

• the calculation of ∆u and ∆h for an ideal gas is given as

∆u = u2 − u1 =
∫ 2

1
Cv(t) dT (kJ/kg)

∆h = h2 − h1 =
∫ 2

1
Cp(t) dT (kJ/kg)
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Specific Heats: Solids and Liquids

• solids and liquids are incompressible. (i.e., ρ = constant).

• for solids and liquids it can be shown (mathematically) that for incompressible mate-
rials:

Cp = Cv = C and dQ = mCdT

• Table A-3 gives C for incompressible materials

• as with ideal gases, for incompressible materials C = C(T )

∆u =
∫ 2

1
C(T ) dT ≈ Cavg dT

∆h = ∆u + ∆Pv = ∆u + v∆p ≈ Cavg∆T + v∆P

– for solids:

∆h = ∆u = Cavg∆T (v∆P is negligible)

– for liquids:

If P = const, ∆h = Cavg∆T

If T = const, ∆h = v∆P (we already used this to do more accurate

calculations in the subcooled region).
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First Law of Thermodynamics

Reading Problems
3-1 → 3-8 3-35, 3-39, 3-64, 3-68, 3-72, 3-78, 3-116
4-1 → 4-3 4-19, 4-29, 4-38, 4-45, 4-54

Control Mass (Closed System)

A thermodynamic analysis of a system can be performed on a fixed amount of matter known
as a control mass or over a region of space, known as a control volume. In this section we
will examine the case of a control surface that is closed to mass flow, so that no mass can
escape or enter the defined control region. Since mass is fixed, the system is considered to
be a control mass.

The two underlying conservation equations for performing a thermodynamic analysis on a
Closed System or a Control Mass, are:

1. Conservation of Mass, and

2. Conservation of Energy

Conservation of Mass

Conservation of Mass, which states that mass cannot be created or destroyed, is implicitly
satisfied by the definition of a control mass.

Conservation of Energy

The first law of thermodynamics states:

Energy cannot be created or destroyed it can only change forms.

• energy transformation is accomplished through energy transfer as work and/or heat.
Work and heat are the forms that energy can take in order to be transferred across the
system boundary.
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• the first law leads to the principle of Conservation of Energy where we can stipulate
the energy content of an isolated system is constant.

energy entering − energy leaving = change of energy within the system

Example: A Gas Compressor

Performing a 1st law energy balance:




Initial
Energy

E1


 +

−

{
Energy gain W1−2

Energy loss Q1−2

}
=




Final
Energy

E2




E1 + W1−2 − Q1−2 = E2

or

∆E = Q − W
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A first law balance for a control mass can also be written in differential form as follows:

dE = δQ − δW

The differential form of the energy balance can be written as a rate equation by dividing
through by dt, a differential time, and then letting dt → 0 in the limit to give

dE

dt
=

δQ

dt
− δW

dt
⇒ dE

dt
= Q̇ = Ẇ

where

dE

dt
= rate of energy increase within the system, ≡ dU

dt
+

d KE

dt
+

d PE

dt

Q̇ = rate of heat transfer

Ẇ = rate of work done, ≡ power

Forms of Energy Transfer

Work Versus Heat

• Work is macroscopically organized energy transfer.

• Heat is microscopically disorganized energy transfer.

Heat Energy

• heat is defined as a form of energy that is transferred solely due to a temperature
difference (without mass transfer)

• Note: It is the thermal (internal) energy that can be stored in a system. Heat is
a form of energy in transition and as a result can only be identified at the system
boundary.

• Notation:

– Q (kJ) amount of heat transfer

– Q̇ (kW ) rate of heat transfer (power)

– q (kJ/kg) - heat transfer per unit mass

– q̇ (kW/kg) - power per unit mass
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• heat transfer is a directional (or vector) quantity with magnitude, direction and point
of action

• modes of heat transfer:

– conduction: diffusion of heat in a stationary medium (Chapters 8 & 9)

– convection: it is common to include convective heat transfer in traditional heat
transfer analysis. However, it is considered mass transfer in thermodynamics.
(Chapters 10 & 11)

– radiation: heat transfer by photons or electromagnetic waves (Chapter 12)

Work Energy

• work is a form of energy in transit. One should not attribute work to a system.

• work (like heat) is a “path function” (magnitude depends on the process path)

– i.e ∆w is incorrect, use∫ 2

1
δw = w12

• Notation:

– W (kJ) amount of work transfer

– Ẇ (kW ) power

– w (kJ/kg) - work per unit mass

– ẇ (kW/kg) - power per unit mass

• work transfer mechanisms in general, are a force acting over a distance
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Moving Boundary Work

• consider compression in a piston/cylinder,
where A is the piston cross sectional area
(frictionless)

• the area under the process curve on a P −V

diagram is proportional to
∫ 2

1
P dV

• the work is:

– +ve for compression

– −ve for expansion

• sometimes called P dV work or
compression /expansion work

W12 = −
∫ 2

1
F ds = −

∫ 2

1
P · A ds = −

∫ 2

1
P dV

• a decrease in the volume, dV → −ve results in work additiion (+ve) on the system

• polytropic processes: where PV n = C

• examples of polytropic processes include:

Isobaric process: if n = 0 then P = C and we have a constant pressure process

Isothermal process: if n = 1 then from the ideal gas equation PV = RT and
PV is only a function of temperature

Isometric process: if n → ∞ then P 1/nV = C1/n and we have a constant
volume process

Isentropic process: if n = k = Cp/Cv then we have an isentropic process

Gravitational Work

• if dz is a component parallel to gravity

W12 = −
∫ 2

1
F ds = −

∫ 2

1
mg ds = −

∫ 2

1
mg dz

• work is added to the system when gravity assists, i.e. dz → −ve

5



• integrating from state 1 to state 2 gives

W12 = −mg(z2 − z1)

Acceleration Work

• if the system is accelerating, the work associated with the change of the velocity can
be calculated as follows:

W12 = −
∫ 2

1
F ds = −

∫ 2

1
ma ds = −

∫ 2

1
m

dV
dt

ds = −
∫ 2

1
m dV ds

dt

and we can then write

W12 = −
∫ 2

1
mV dV = m

(V1

2
− V2

2

)

Charge Transfer Work (Electrical Work)

• charge is a conserved quantity, like mass and energy

• current, I is the rate of charge transfer

I ≡ d q+

dt
,

coulomb

sec
= Ampere

where

q+ = −Ne

with N being the number of electrons and e the charge of the electron.

• the electrical work done is given as

δWe = (ε1 − ε2) dq+ = ε dq+

where ε is the electrical potential difference with units volt =
Joule

Coulomb

• the electrical work done per unit time is power

Ẇe = Power =
δWe

dt
= εI (W )

We =
∫ 2

1
ε I dt

= ε I∆t
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Control Volume (Open System)

The major difference between a Control Mass and and Control Volume is that mass crosses
the system boundary of a control volume. We will define a region in space that may be
moving or changing shape. As the process proceeds we will monitor the volume as mass,
heat and work cross the system boundary. The control volume approach will be used for
many engineering problems where a mass flow rate is present, such as:

• turbines, pumps and compressors

• heat exchangers

• nozzles and diffusers, etc.

CONSERVATION OF MASS:

m

mIN

OUT

mcv

cv




rate of increase
of mass within

the CV


 =




net rate of
mass flow

IN


 −




net rate of
mass flow

OUT




d

dt
(mCV ) = ṁIN − ṁOUT

where:

mCV =
∫

V
ρ dV

ṁIN = (ρ V A)IN

ṁOUT = (ρ V A)OUT

with V = average velocity

7



CONSERVATION OF ENERGY:

The 1st law states:

ECV (t) + ∆Q + ∆Wshaft + (∆EIN − ∆EOUT )+

(∆WIN − ∆WOUT ) = ECV (t + ∆t) (1)

where:

∆EIN = eIN∆mIN

∆EOUT = eOUT∆mOUT

∆W = flow work

e =
E

m
= u︸︷︷︸

internal

+
V2

2︸︷︷︸
kinetic

+ gz︸︷︷︸
potential

8



Some Practical Assumptions for Control Volumes

Steady State Process: The properties of the material inside the control volume do not
change with time.

Steady Flow Process: The properties of the material crossing the control surface do not
change with time.

The steadiness refers to variation with respect to time

• if the process is not steady, it is unsteady or transient

• often steady flow implies both steady flow and steady state

Uniform State Process: The properties of the material inside the control volume are
uniform and may change with time. For example

50 Co
50 Co

50 Co
50 Co

60 Co
60 Co

60 Co
60 Co

Q

t=0

t=10

Heating Copper: Cu conducts heat well, so
that it heats evenly.

Uniform Flow Process: The properties of the material crossing the control surface are
spatially uniform and may change with time.

Uniformity is a concept related to the spatial distribution. If the flow field in a process
is not uniform, it is distributed.

Steady-State, Steady-Flow Process

Idealizations:

• the control volume does not move relative to the reference frame

• the state of the mass at each point with the control volume does not change with time

• the flows in and out of the control volume are steady, i.e. there is no mass accumulation
within the control volume

• the rates at which work and heat cross the control volume boundary remain constant

9



Nozzles:

• used to increase the velocity of a fluid (sub-
sonic flow)

• common assumptions and idealizations

– Q̇ = 0 (no time for heat transfer)

– Ẇ = 0

– ∆PE = 0

– steady flow, steady state, uniform flow

1 2

V > V2 1

Diffusers:

• used to increase the pressure of a fluid (sub-
sonic flow)

• common assumptions and idealizations

– Q̇ = 0

– Ẇ = 0

– ∆PE = 0

– steady flow, steady state, uniform flow

1 2

P > P2 1

Turbines (steam, gas, hydraulic):

• used to produce power (output = shaft
power)

• common assumptions and idealizations

– Q̇ = 0

– ∆KE = 0

– ∆PE = 0

– steady flow, steady state, uniform flow

1

2

Wout
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Compressors (pumps, fans):

• used to increase the pressure of the fluid us-
ing power input

• common assumptions and idealizations

– Q̇ = 0

– ∆KE = 0

– ∆PE = 0

– steady flow, steady state, uniform flow

1

2

Win

Throttling Valves:

• used to drop the pressure and/or tempera-
ture (converts u to Pv)

• common assumptions and idealizations

– Q̇ = 0

– Ẇ = 0

– ∆KE = 0

– ∆PE = 0

– steady flow, steady state, uniform flow

�����
�����
�����
�����

�����
�����
�����
�����

a) an adjustable valve

b) a porous plug

c) a capillary tube
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Mixing Chambers (direct contact heat exchangers):

• used to mix two or more fluids

• common assumptions and idealizations

– Q̇ = 0

– Ẇ = 0

– ∆KE = 0

– ∆PE = 0

– steady flow, steady state, uniform flow

1 2

3

Heat Exchangers (boilers, heat exchangers, condensers):

• used to exchange heat between two fluid
streams without mixing

• common assumptions and idealizations

– Ẇ = 0

– ∆KE = 0

– ∆PE = 0

– steady flow, steady state, uniform flow

1

2

34

fluid A

fluid B

heat

12



Control Volume Analysis for Electrical Devices

We recall from the 1st law for a control volume

dEcv

dt
= Q̇ − Ẇ + ṁin(e + Pv)in − ṁout(e + Pv)out

We can consider the following analogy

gas

flow

m (kg/s)

charge

flow

m (kg/s)q

think of this as a "charge gas"

Let

N = number of charged particles
q+ = +ve charge on each particle

Nq+ = total charge
mq = mass of each charged particle

Nmq = total mass of the “charge gas”

Ṅmq = flow rate of the “charge gas”
ε = electrical potential

ṁ(e + Pv) = (Ṅmq)




u + Pv +
V2

2
+ gz︸ ︷︷ ︸

negligible

+
(Nq+)ε

(Nmq)︸ ︷︷ ︸
electrical potential

per unit mass




ṁ(e + Pv) = (Ṅmq

(
(Nq+)ε

(Nmq)

)

13



= Ṅq+ε

= Iε

where I = current ≡ Ṅq+ = −Ṅe

The first law takes the form

dEcv

dt
= Q̇ − Ẇ + (Ṅq+ε)in − (Ṅq+ε)out

14



Transient Processes

• examples of transient processes include filling, discharging, startup, shut down

• common assumptions and idealizations:

– depends on the problem

– uniform state, uniform flow often but not necessarily

• general mass and energy balances:

Mass

dm

dt
=

∑
ṁin −

∑
ṁout

∆m =
∑

min −
∑

mout

Energy

dE

dt
=

(
ṁinθin + Q̇in + Ẇin

)
−

(
ṁoutθout + Q̇out + Ẇout

)

ṁθ =
d

dt

∫
m

(
h +

V2

2
+ gz

)
dm =

∫
A

(
h +

V2

2
+ gz

)
ρVdA

E = me =
∫

m

(
u +

V2

2
+ gz

)
dm =

∫
V

(
u +

V2

2
+ gz

)
ρdV

This is usually taken out of rate form

Qin − Wout +
∑
in

∫ 2

1

(
h +

V2

2
+ gz

)
dm −

∑
out

∫ 2

1

(
h +

V2

2
+ gz

)
dm

= ∆

(
m

(
u +

V2

2
+ gz

))

Steady conditions at the inlet

Qin − Wout +
∑
in

m

(
h +

V2

2
+ gz

)
dm −

∑
out

m

(
h +

V2

2
+ gz

)
dm

= ∆

(
m

(
u +

V2

2
+ gz

))
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Entropy and the Second Law of Thermodynamics

Reading Problems
5-1 → 5-3, 5.6, 5.7 5-25, 5-71, 5-74
6-1 → 6-11 6-31, 6-33, 6-42, 6-57, 6-59, 6-65, 6-72, 6-77

Why do we need another law in thermodynamics?

Answer: While the 1st law allowed us to determine the quantity of energy transfer in a
process it does not provide any information about the direction of energy transfer nor
the quality of the energy transferred in the process. In addition, we can not determine
from the 1st law alone whether the process is possible or not. The second law will
provide answers to these unanswered questions.

A process will not occur unless it satisfies both the first and the second laws of thermo-
dynamics.

1. Direction:

Consider an isolated system where Q = W = 0

From the 1st law we know

(U + KE)1︸ ︷︷ ︸
E1

= U2︸︷︷︸
E2




same both ways
1 → 2
2 → 1

gasgas

possible

impossible

1: cold system

propeller &

gas rotating

2: warm system

propeller &

gas stationary

1



The physical interpretation of this is:

State 1: Most of the energy is in a highly organize form residing in the macroscopic
KE of the propeller and the rotating gas.

State 2: All of the energy is now in a disorganized form residing in the microscopic
E, i.e. U of the propeller and the gas.

• The process 1 → 2 has resulted in a higher state of molecular chaos. ENTROPY
is the thermodynamic property that describes the degree of molecular disorder in
matter. Hence, S2 > S1. Entropy can be considered a quantitative index that
describes the quality of energy.

• The process 2 → 1 is impossible because it would require disorganized KE to
produce macroscopically organized KE. That is S2 < S1 which is impossible
for an isolated system.

• A thermodynamic process is only possible if it satisfies both the 1st and 2nd laws
simultaneously.

2. Quality of Energy:

A heat engine produces reversible work as it transfers heat from a high temperature
reservoir at TH to a low temperature reservoir at TL. If we fix the low temperature
reservoir at TL = 300 K, we can determine the relationship between the efficiency of
the heat engine,

η = 1 − QL

QH

= 1 − TL

TH

as the temperature of the high temperature reservoir changes. In effect we are deter-
mining the quality of the energy transferred at high temperature versus that transferred
at low temperature.

2



Second Law of Thermodynamics

The second law of thermodynamics states:

The entropy of an isolated system can never decrease. When an isolated system
reaches equilibrium, its entropy attains the maximum value possible under the
constraints of the system

Definition

Unlike mass and energy, entropy can be produced but it can never be destroyed. That is,
the entropy of a system plus its surroundings (i.e. an isolated system) can never decrease
(2nd law).

Pm = m2 − m1 = 0 (conservation of mass)

PE = E2 − E1 = 0 (conservation of energy) → 1st law

PS = Sgen = S2 − S1 ≥ 0 → 2nd law

• we have conservation of mass and energy, but not entropy. Entropy is not conserved.

• the 2nd law dictates why processes occur in a specific direction i.e., Sgen cannot be
−ve

System

Surroundings

Work

Heat

Non-Isolated Systems

- their entropy may decrease

Isolated System

- its entropy may

never decrease

The second law states, for an isolated system:

(∆S)system + (∆S)surr. ≥ 0

where ∆ ≡ final − initial

3



Entropy

1. Like mass and energy, every system has entropy.

Entropy is a measure of the degree of microscopic disorder and represents our uncertainty
about the microscopic state.

2. Reference: In a prefect crystal of a pure substance at T = 0 K, the molecules are
completely motionless and are stacked precisely in accordance with the crystal struc-
ture. Since entropy is a measure of microscopic disorder, then in this case S = 0.
That is, there is no uncertainty about the microscopic state.

3. Relationship to Work: For a given system, an increase in the microscopic disorder
(that is an increase in entropy) results in a loss of ability to do useful work. Work
can completely (and easily) be transformed into thermal energy and then exchanged
as heat.

4. Work: Energy transfer by work is microscopically organized and therefore entropy-
free. Work can completely (and easily) be transformed into thermal energy and then
exchanged as heat.

5. Heat: Energy transfer as heat takes place as work at the microscopic level but in a
random, disorganized way. This type of energy transfer carries with it some chaos and
thus results in entropy flow in or out of the system. Heat transfer from a heat source
cannot be used to exchange the same amount of energy as work.

6. Reversibility: According to the 2nd law, no real process can be reversed without
leaving any trace on the surroundings. In fact, the 2nd law says that it is impossible
to do things perfectly (it is ideal but impossible). It is our job (as engineers) to make
the process as close as possible to ideal, i.e. no loss and perfect recovery. A reversible
process is the theoretical limit for an irreversible (real) process.

4



Gibb’s Equation

From a 1st law energy balance when KE and PE are neglected

Energy Input = Energy Output + Increase in Energy Storage

δQ︸︷︷︸
amount

= δW + dU︸︷︷︸
differential

(1)

We know that the differential form of entropy is

dS =
δQ

T
(2) δW = PdV (3)

Combining Eqs. 1, 2 and 3

dS =
dU

T
+

PdV

T
⇒ ds =

du

T
+

Pdv

T︸ ︷︷ ︸
per unit mass

Reversible Process

Example: Slow adiabatic compression of a gas
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A process 1 → 2 is said to be reversible if the reverse process 2 → 1 restores the system to
its original state without leaving any change in either the system or its surroundings.

Reversible︸ ︷︷ ︸
Sgen=0

+ Adiabatic Process︸ ︷︷ ︸
Q=0

⇒ Isentropic Process︸ ︷︷ ︸
S1=S2

The 2nd law states:

(∆S)system + (∆S)surr = Sgen ≥ 0

where:

> 0 irreversible (real world)

= 0 reversible (frictionless, perfectly elastic, inviscid fluid)

Reversible Compression and Expansion

real or ideal

gas

dQ
dW

m

From the 1st law

increase in energy storage = energy input

dU = δW − δQ

mdu = δW − δQ (1)

From the 2nd law for a control mass

dS = −δQ

T
+ Sgen

6



where Sgen = 0 for a reversible process.

Therefore

mds = −δQ

T
(2)

Combining (1) and (2) through the −δQ term gives

mdu = δW + mTds (3)

From Gibb’s Eq.

Tds = du + Pdv

mdu = mTds − mPdv (4)

Combining Eqs. (3) and (4)

mTds − mPdv = δW + mTds

δW = −mPdv

Integrating gives

W1−2 = −m
∫ 2

1
Pdv

or on a per unit mass basis

w1−2 =
W1−2

m
= −

∫ 2

1
Pdv

7



Calculation of ∆S in Processes

For a simple compressible system, Gibb’s equations are given as

Tds = du + Pdv

Tds = dh − vdP

• T − s and h − s (Mollier) diagrams are very useful

qint,rev =
∫ 2

1
T ds and qint,rev,isothermal = T∆s

T

s

dA = T ds

process path

1

2

ds
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System Level Analysis

Energy Reservoirs

Idealized Mechanical Energy Reservoir (MER)

This is a source or sink for organized energy.

M
dW

dE

MER
frictionless

pulleys

adiabatic

non-isolated

The system shown above is open to work transfer only, therefore it is entropy free.

dS = 0 for a MER

Idealized Thermal Energy Reservoir (TER)

This is a source or sink for disorganized energy.

dU

TTER

dQ

non-isolated

uniformly at T at all times

large thermal inertia
TER

fi

TER

Examples include; oceans, rivers, lakes, the atmosphere, etc.
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Reversible Heat Engine

A heat engine is a device in which a working substance (control mass) undergoes a cyclic
process while operating between two temperature reservoirs (TER).

combustion

gases

cooling

water

boiler

condenser

WP
WT

QH

QH

QL

QL

TER

TER
TH

TL

Wnet

heat

engines

isolated systems

S 0gen ≥

The engine efficiency is defined as the benefit over the cost

η =
benefit

cost
=

Wnet

QH

= 1 − TL

TH

− TLSgen

QH

For a perfect (reversible) system where Sgen = 0

η = 1 − TL

TH

⇐ Carnot efficiency

It is clear that even for a “perfect” the efficiency cannot be 100%

10



The Carnot Cycle

An ideal theoretical cycle that is the most efficient conceivable.

T

T

T

s s s

Q

Q

Q

W

P = P

P = P

H

H

L
L

1

1

2

4

4

3

in
out

The cycle is totally reversible. The reversed Carnot cycle is called the Carnot refrigeration
cycle.

2nd Law Analysis for a Closed System (Control Mass)

MER TER

CM

dW dQ

TTER

We can first perform a 1st law energy balance on the system shown above.

dU = δQ + (−δW ) (1)

where the work term is −ve because work is assumed to be work outflow and in our case it
is directed inward.
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For a simple compressible system

δW = PdV (2)

From Gibb’s equation we know

TTER dS = dU + PdV (3)

Combining (1), (2) and (3) we get

TTER dS = δQ

where

net in-flow dS =
δQ

TTER

net out-flow dS = − δQ

TTER

Therefore

(dS)CM︸ ︷︷ ︸
≡ storage

=
dQ

TTER︸ ︷︷ ︸
≡ entropy flow

+ dPS︸ ︷︷ ︸
≡ production

Integrating gives

(S2 − S1)CM =
Q1−2

TTER

+ Sgen︸ ︷︷ ︸
≥0

where

Q1−2

TTER

- the entropy associated with heat transfer across a

finite temperature difference, i.e. T > 0
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2nd Law Analysis for Open Systems (Control Volume)

TER

TER

MER

AA

B

B

FR

FR

CV

S= s m

S= -s m

B

A

1-2

1-2

1-2

1-2

1-2

1-2

1-2

1-2

1-2

B

A

A

B

A

B

B

A

A

B

S= - Qd

S= Qd

T

T

TER

TER

dQ

dQm

m

SCV
dW

S=0

isolated S 0gen ≥

where:

FR - fluid reservoir
TER - thermal energy reservoir
MER - mechanical energy reservoir

For the isolated system going through a process from 1 → 2

δSgen = (∆S)sys + (∆S)sur

δSgen = ∆SCV︸ ︷︷ ︸
system

+

(
−sAmA

1−2 + sBmB
1−2 −

δQA
1−2

T A
TER

+
δQB

1−2

T B
TER

)
︸ ︷︷ ︸

surroundings

13



or as a rate equation

Ṡgen =

(
dS

dt

)
CV

+


sṁ +

Q̇

TTER




OUT

−

sṁ +

Q̇

TTER




IN

This can be thought of as

generation = accumulation + OUT − IN
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Conduction Heat Transfer

Reading Problems
8-1 → 8-9 8-35, 8-63, 8-64, 8-69, 8-75, 8-80, 8-84, 8-89, 8-100,

8-103, 8-112, 8-126, 8-141, 8-150, 8-177
9-1 → 9-2 9-15, 9-20, 9-21, 9-36, 9-41, 9-42

Fourier Law of Heat Conduction

Consider a long solid bar where heat travels in a one-dimensional manner in the positive
x direction as shown below.

x=0

xx

x+ xD

x=L
insulated

Qx

Qx+ xD

g
A

∂E

∂t
= Q̇x − Q̇x+∆x − Ẇ

If the volume to the element is given as V = A · ∆x, then the mass of the element is

m = ρ · A · ∆x

E = m · u = (ρ · A · ∆x) · u

For an incompressible substance the internal energy is du = C dT and we can write

∂E

∂t
= ρCA∆x

∂T

∂t

1



We will assume that any electrical resistance heat addition to the body is denoted at −Ẇ .
Therefore

−Ẇ = ġ · V = ġ · A · ∆x ⇐ ġ = volumetric heat addition, (W/m3)

We can also write the heat flow along the x−direction as a product of the temperature
difference (the driving force for heat transfer) and a proportionality constant, based on
experimental observation.

Q̇x =
kA

∆x
(Tx − Tx+∆x)

where k is the thermal conductivity of the material. In the limit as ∆x → 0

Q̇x = −kA
∂T

∂x

This is Fourier’s law of heat conduction.

Q̇x+∆x = Q̇ +
∂Q̇x

∂x
∆x

when combined with Fourier’s equation gives

Q̇x+∆x = −kA
∂T

∂x︸ ︷︷ ︸
Q̇x

− ∂

∂x

(
kA

∂T

∂x

)
∆x

Noting that

Q̇x − Q̇x+∆x =
∂E

∂t
+ Ẇ = ρCA∆x

∂T

∂t
+ A∆xġ

By removing the common factor of A∆x we can then write the general 1-D conduction
equation as

∂

∂x

(
k

∂T

∂x

)
︸ ︷︷ ︸
longitudinal
conduction

+ ġ︸︷︷︸
internal

heat
generation

= ρC
∂T

∂t︸ ︷︷ ︸
thermal
inertia

2



Thermal Resistance Networks

Resistances in Series

The heat transfer across the fluid/solid interface is based on Newton’s law of cooling

Q̇ = hA(Tin − Tout) =
Tin − Tout

Rconv

where Rconv =
1

hA

The heat flow through a solid material of conductivity, k is

Q̇ =
kA

L
(Tin − Tout) =

Tin − Tout

Rcond

where Rcond =
L

kA

3



The total heat flow across the system can be written as

Q̇ =
T∞1 − T∞2

Rtotal

where Rtotal =
4∑

i=1

Ri

Resistances in Parallel

T1

Q1

T2

Q2

L

R1

k2

k1

R2

For systems of parallel flow paths as shown above, we can use the 1st law to preserve the
total energy

Q̇ = Q̇1 + Q̇2

In general, for parallel networks we can use a parallel resistor network as follows:

T1
T1T2 T2

R1

RtotalR2

R3

=

4



where

1

Rtotal

=
1

R1

+
1

R2

+
1

R3

+ · · ·

and

Q̇ =
T1 − T2

Rtotal

Flow in a Composite Wall

For a composite system where k3 << k4 the heat flow lines would look like

T1 T2

This problem cannot be easily solved using only a series network or a parallel network but
we can use these two approaches as bounds on the problem and hopefully find an average of
the two limits that will provide a reasonable compromise.

a) Upper bound on heat transfer: If we assume that heat flows in a 1-D manner within
each section we can use a combined series/parallel resistor network as follows:

Since there is no turning in the heat flow path, the thermal resistance will be minimized
and we will have an upper bound on the heat transfer.

b) Lower bound on heat transfer: The lower bound on heat transfer (upper bound on
resistance) is achieved by forcing heat flow through an upper and a lower path as shown
below.

5



T1 T2

R1 R2

R3

R4
R5 R6

T1 T2

R1a R2a R3 R5a R6a

R1b R2b R4 R5b R6b

1a

1b

2a

2b

3

4

5a

5b

6a

6b

• equivalent to inserting a thin insulator along the dotted line

– forcing heat flow through the upper and lower paths

– prevents heat flow from finding a path of least resistance

– leads to a lower bound on heat transfer

• since the solid resistance in each element is R =
L

kA
the area used in the upper

and lower sections will be adjusted to reflect the cross sectional flow area of that
section
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Cylindrical Systems

L

r1
r2

Qr

T1

T2

A=2 rLp

k

r

Steady, 1D heat flow from T1 to T2 in a cylindrical systems occurs in a radial direction where
the lines of constant temperature (isotherms) are concentric circles, as shown by the dotted
line in the figure above and T = T (r).

Performing a 1st law energy balance on a control mass from the annular ring of the cylindrical
cylinder

dEC.M.

dt
↗0= Ėin − Ėout + Ėgen↗0

Therefore

Q̇r −

Q̇r +


dQ̇r

dr


 dr


 = 0 ⇒ dQ̇r

dr
= 0

Integrating this result we obtain

Q̇r = constant

Using Fourier’s law of heat conduction

Q̇r = −k A
dT

dr
= constant

7



where the cross sectional area for heat flow is given as the product of the circumference of
the circular ring and the length of the cylinder

A = 2πrL

Separating the above equation gives

dT = − Q̇

2πkL
dr

r

Integrating from T = T1 @ r = r1 to T = T2 @ r = r2

T2 − T1 = − Q̇r

2πkL
(ln r2 − ln r1) = − Q̇r

2πkL
ln

r2

r1

Therefore we can write

Q̇r =
T1 − T2(

ln(r2/r1)

2πkL

) where R =

(
ln(r2/r1)

2πkL

)

Critical Thickness of Insulation

Could there be a situation in which adding insulation increases the overall heat transfer?

8



To find the critical radius, rc, where adding more insulation begins to decrease heat transfer,
set

dRtotal

dro

= 0

dRtotal

dro

=
1

2πkroL
− 1

h2πr2
oL

= 0

rc =
k

h

re
si

st
an

ce Rtotal R1

R2

ri rorc

There is always a value of rc, but there is a minimum in heat transfer only if rc > ri

9



Spherical Systems

ri

ro

Ti

To

For steady, 1D heat flow in spherical geometries we can use a 1st law energy balance similar
to the analysis for cylindrical systems to obtain

Q̇ =

(
−k

dT

dr

)
4πr2︸ ︷︷ ︸

A

= constant

Then integrating from the inner to the outer radius

∫ To

Ti

dT = −
∫ ro

ri

Q̇

4πr2k
dr

To − Ti =
Q̇

4πk

[
1

ro

− 1

ri

]

We can write the heat transfer as

Q̇ =
4πkriro

(r0 − ri)
(Ti − To) =

(Ti − To)

R
where R =

ro − ri

4πkriro

10



Heat Generation in a Solid

Heat can be generated within a solid as a result of:

• resistance heating in wires

• chemical reactions

• nuclear reactions

A volumetric heat generation terms will be defined as follows:

ġ =
Ėg

V
(W/m3)

for heat generation in wires, we will define ġ as

ġ =
I2Re

πr2
oL

Slab System

Assume steady, 1D conduction with constant ġ in the slab and constant k.

We can write Fourier’s law of conduction for a steady system as

k
d2T

dx2
+ ġ = 0

11



with boundary conditions

T = T1 @ x = −L

T = T2 @ x = +L

Integrating Fourier’s equation twice gives

T = − ġx2

2k
+ C1x + C2

From the boundary conditions we can find

C2 =
(T1 − T2)

2
+

ġL2

2k

C1 = −
(

T1 − T2

2L

)

Therefore

T =
T1 + T2

2
−

(
T1 − T2

2

)
x

L
+

q̇L2

2k

(
1 −

(x

L

)2
)

Case 1: if T1 = T2 = T3

T = Ts +
q̇L2

2k

(
1 −

(x

L

)2
)

This is a concave-down parabola. Why must the shape be of this form?

Case 2: If there is also heat loss from the outside edges to T∞

q̇ = −
[
k

∂T

∂x

]
x=L−

= −k

{
ġL2

2k

(
−2x

L2

)}
x=L−

= +ġL

but Newton’s law of cooling tells us

q̇ = h(Ts − T∞)

Therefore

Ts = T∞ +
ġL

h

12



Cylindrical System

The general conduction equation for a cylindrical system is given as

1

r

d

dr

(
rk

dT

dr

)
+ ġ = 0

Integrating once gives

−2πrLk
dT

dr
= (πr2L)q̇

While integrating a second time and noting the boundary condition T = Ts @r = r0, gives

T = Ts +
ġr2

0

4k


1 −

(
r

r0

)2



13



Heat Transfer from Finned Surfaces
• heat transfer is improved by h ↑ and A ↑

• it is difficult to obtain a significant increase in h

• an increase in A is easily achieved through extended surfaces or fins

We will assume a constant cross sectional area and that the temperature inside the fin is
only a function of x.

Just as in the development for Fourier’s law of conduction, we can establish a 1st law balance
over the thin slice of the fin between x and x + ∆x such that

Q̇x − Q̇x+∆x − P∆xh(T − T∞) = 0

From Fourier’s law we know

Q̇x − Q̇x+∆x = kAc

d2T

dx2
∆x

14



Therefore the conduction equation for a fin with constant cross section is

kAc

d2T

∂x2︸ ︷︷ ︸
longitudinal
conduction

− hP (T − T∞)︸ ︷︷ ︸
lateral

convection

= 0

The temperature difference between the fin and the surroundings (temperature excess) is
usually expressed as

θ = T (x) − T∞

which allows the 1-D fin equation to be written as

d2θ

dx2
− m2θ = 0

where the fin parameter m is

m =

(
hP

kAc

)1/2

and the boundary conditions are

θ = θb @ x = 0

θ → 0 as x → ∞

The solution to the differential equation for θ is

θ(x) = C1 sinh(mx) + C2 cosh(mx)

substituting the boundary conditions to find the constants of integration

θ = θb

cosh[m(L − x)]

cosh(mL)

The heat transfer flowing through the base of the fin can be determined as

Qb = Ac

(
−k

dT

dx

)
@x=0

= θb(kAchP )1/2 tanh(mL)

15



Fin Efficiency and Effectiveness

The dimensionless parameter that compares the actual heat transfer from the fin to the ideal
heat transfer from the fin is the fin efficiency

η =
actual heat transfer rate

maximum heat transfer rate when
the entire fin is at Tb

=
Q̇b

hPLcθb

If the fin has a constant cross section then

η =
tanh(mL)

mL

An alternative figure of merit is the fin effectiveness given as

εfin =
total fin heat transfer

the heat transfer that would have
occurred through the base area

in the absence of the fin

=
Q̇b

hAcθb

16



Transient Heat Conduction

Various applications of transient heat conduction include:

• surface hardness control

• stress relieving

• processes requiring chemical reaction (i.e. curing of rubber)

• wire drawing and coating

• welding

Performing a 1st law energy balance on a plane wall gives

Ėin − Ėout ⇒ Q̇cond =
TH − Ts

L/(k · A)
= Q̇conv =

Ts − T∞

1/(h · A)

where

TH − Ts

Ts − T∞
=

L/(k · A)

1/(h · A)
=

internal resistance to H.T.

external resistance to H.T.

=
hL

k
= Bi ≡ Biot number

Rint << Rext: the Biot number is small and we can conclude

TH − Ts << Ts − T∞ and in the limit TH ≈ Ts

17



Rext << Rint:

Rint << Rext: the Biot n umber is large and we can conclude

Ts − T∞ << TH − Ts and in the limit Ts ≈ T∞

Transient Conduction Analysis

For the 3-D body of volume V and surface area A, we can use a lumped system analysis if

Bi =
hV

kA
< 0.1 ⇐ results in an error of less that 5%

The characteristic length for the 3-D object is given as L = V/A. Other characteristic
lengths for conventional bodies include:

Slab
V

As

=
WH2L

2WH
= L

Rod
V

As

=
πr2

oL

2πr0L
=

r0

2

Sphere
V

As

=
4/3πr3

o

4πr2
0

=
r0

3

18



At t > 0, T = T (x, y, z, t), however, when Bi < 0.1 then we can assume T ≈ T (t).

Performing a 1st law energy balance on the control volume shown below

dEC.M.

dt
= Ėin − Ėout + Ėg↗0

If we assume PE and KE to be negligible then

dU

dt
= −Q̇ ⇐ dU

dt
< 0 implies U is decreasing

For an incompressible substance specific heat is constant and we can write

mC︸ ︷︷ ︸
≡Cth

dT

dt
= − Ah︸︷︷︸

1/Rth

(T − T∞)

where

Cth = lumped capacitance

It should be clearly noted that we have neglected the spatial dependence of the temperature

within the object. This type of an approach is only valid for Bi =
hV

kA
< 0.1

Cth

dT

dt
= − 1

Rth
(T − T∞)

19



We can integrate and apply the initial condition, T = Ti @t = 0 to obtain

T (t) − T∞

Ti − T∞
= e−t/(Rth·Cth) = e−t/τ

where

τ = Rth · Cth = thermal time constant =
mC

Ah

The total heat transfer rate can be determined by integrating Q̇ with respect to time.

Q̇total =
∫ t∗

0
Q̇ dt =

∫ t∗

0
hA(T − T∞) dt

= ha(Ti − T∞)
∫ t∗

0
e−t/τ dt

= hA(Ti − T∞(τ )[1 − e−t∗/τ ]

Therefore

Q̇total = ṁC(Ti − T∞)[1 − e−t∗/τ ]

20



Convection Heat Transfer

Reading Problems
10-1 → 10-7 10-22, 10-31, 10-33, 10-43, 10-49, 10-51, 10-55,

10-58, 10-83, 10-108,
11-1 → 11-2, 11-4 11-18, 11-33, 11-55, 11-56

Introduction

• convection heat transfer is the transport mechanism made possible through the motion
of fluid

• the types of flow arrangements and heat transfer configurations associated with con-
vection are extremely diverse including force, natural and mixed convection for both
internal and external flow geometries

• in addition to these convection mechanisms, flow can be laminar or turbulent and fluids
can be single or multi-phase as in the case of boiling

• the controlling equation for convection is Newton’s Law of Cooling

Q̇conv =
∆T

Rconv

= hA(Tw − T∞) ⇒ Rconv =
1

hA

1



where

A = total convective area, m2

h = heat transfer coefficient, W/(m2 · K)

Tw = surface temperature, ◦C

T∞ = fluid temperature, ◦C

The following table gives the range of heat transfer coefficient expected for different convec-
tion mechanisms and fluid types.

Process h [W/(m2 · K)]

Natural
Convection

• gases 3 - 20

• water 60 - 900

Forced
Convection

• gases 30 - 300

• oils 60 - 1 800

• water 100 - 1 500

Boiling

• water 3 000 - 100 000

Condensation

• steam 3 000 - 100 000

2



Dimensionless Groups

In the study and analysis of convection processes it is common practice reduce the total
number of functional variables by forming dimensionless groups consisting of relevant ther-
mophysical properties, geometry, boundary and flow conditions.

Prandtl number: Pr = ν/α where 0 < Pr < ∞ (Pr → 0 for liquid metals and
Pr → ∞ for viscous oils). A measure of ratio between the diffusion of momentum to
the diffusion of heat.

Oils Pr ≈ 103

Water Pr ≈ 5
Air Pr ≈ 0.7
Liquid Metals Pr ≈ 10−2

Reynolds number: Re = ρUL/µ ≡ UL/ν (forced convection). A measure of the
balance between the inertial forces and the viscous forces.

Peclet number: Pe = UL/α ≡ RePr

Grashof number: Gr = gβ(Tw − Tf)L3/ν2 (natural convection)

Rayleigh number: Ra = gβ(Tw − Tf)L3/(α · ν) ≡ GrPr

Nusselt number: Nu = hL/kf This can be considered as the dimensionless heat trans-
fer coefficient.

Stanton number: St = h/(UρCp) ≡ Nu/(RePr)

3



Forced Convection

The simplest forced convection configuration to consider is the flow of mass and heat near a
flat plate as shown below.

• as Reynolds number increases the flow has a tendency to become more chaotic resulting
in disordered motion known as turbulent flow

– transition from laminar to turbulent is called the critical Reynolds number, Recr

Recr =
U∞xcr

ν

– for flow over a flat plate Recr ≈ 500, 000

Boundary Layers

4



Velocity Boundary Layer

• the region of fluid flow over the plate where viscous effects dominate is called the
velocity or hydrodynamic boundary layer

• the velocity at the surface of the plate, y = 0, is set to zero, U@y=0 = 0 m/s because
of the no slip condition at the wall

• the velocity of the fluid progressively increases away from the wall until we reach ap-
proximately 0.99 U∞ which is denoted as the δ, the velocity boundary layer thickness.
Note: 99% is an arbitrarily selected value.

• the region beyond the velocity boundary layer is denoted as the inviscid flow region,
where frictional effects are negligible and the velocity remains relatively constant at
U∞

Thermal Boundary Layer

• the thermal boundary layer is arbitrarily selected as the locus of points where

T − Tw

T∞ − Tw

= 0.99

• for low Prandtl number fluids, i.e. liquid metals, momentum diffuses much slower than
heat flow (remember Pr = ν/α) and the velocity boundary layer is fully contained
within the thermal boundary layer

• conversely, for high Prandtl number fluids, i.e. oils, heat diffuses slower than the
momentum and the thermal boundary layer is contained with in the velocity boundary
layer

5



Flow Over Plates

1. Laminar Boundary Layer Flow, Isothermal (UWT)

The local values of the skin friction and the Nusselt number are given as

Cf,x =
0.664

Re1/2
x

Nux = 0.332 Re1/2
x Pr1/3 ⇒ local, laminar, UWT, Pr ≥ 0.6

where x is the distance from the leading edge of the plate.

NuL =
hLL

kf

= 0.664 Re
1/2
L Pr1/3 ⇒ average, laminar, UWT, Pr ≥ 0.6

For low Prandtl numbers, i.e. liquid metals

Nux = 0.565 Re1/2
x Pr1/2 ⇒ local, laminar, UWT, Pr ≤ 0.6
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2. Turbulent Boundary Layer Flow, Isothermal (UWT)

The local skin friction is given as

Cf,x =
τ0

(1/2)ρU2
∞

=
0.0592

Re0.2
x

⇒ local, turbulent, UWT, Pr ≥ 0.6

As mentioned previously, we know that

Pr2/3St =
Cf,x

2

Therefore

Pr2/3
Nux

Rex Pr
=

1

2

(
0.0592

Re0.2
x

)

and

Nux = 0.0296 Re0.8
x Pr1/3 ⇒

local, turbulent, UWT,

0.6 < Pr < 100, Rex > 500, 000

NuL = 0.037 Re0.8
x Pr1/3 ⇒

average, turbulent, UWT,

0.6 < Pr < 100, Rex > 500, 000

3. Combined Laminar and Turbulent Boundary Layer Flow, Isothermal (UWT)

When (Tw − T∞) constant

hL =
1

L

∫ L

0
hdx =

1

L

{∫ xcr

0
hlam

x dx +
∫ xcr

0
htur

x dx
}

NuL =
hLL

k
= (0.037 Re0.8

L − 871) Pr1/3 ⇒
average, turbulent, UWT,

0.6 < Pr < 100, ReL > 500, 000

7



4. Laminar Boundary Layer Flow, Isoflux (UWF)

Nux = 0.453 Re1/2
x Pr1/3 ⇒ local, laminar, UWF, Pr ≥ 0.6

5. Turbulent Boundary Layer Flow, Isoflux (UWF)

Nux = 0.0308 Re4/5
x Pr1/3 ⇒ local, turbulent, UWF, Pr ≥ 0.6

Flow Over Cylinders and Spheres

1. Boundary Layer Flow Over Circular Cylinders, Isothermal (UWT)

The Churchill-Berstein (1977) correlation for the average Nusselt number for long (L/D >
100) cylinders is

NuD = S∗
D + f(Pr) Re

1/2
D


1 +

(
ReD

28200

)5/8

4/5

⇒
average, UWT, Re < 107

0 ≤ Pr ≤ ∞, Re · Pr > 0.2

where S∗D is the diffusive term associated with ReD → 0 and is given as

S∗
D =

4

π

(
1 + 0.869(L/D)0.76

0.5 + L/D

)
, 0 ≤ L

D
≤ 8

S∗
D =

4
√

π


 1√

1 + 0.5D/L


 (

1

ln(2L/D)

)
, 0 ≤ L

D
≤ 8

and the Prandtl number function is

f(Pr) =
0.62 Pr1/3

[1 + (0.4/Pr)2/3]1/4

8



All fluid properties are evaluated at Tf = (Tw + T∞)/2.

2. Boundary Layer Flow Over Non-Circular Cylinders, Isothermal (UWT)

The empirical formulations of Zhukauskas and Jakob given in Table 10-3 are commonly used,
where

NuD ≈ hD

k
= C Rem

D Pr1/3 ⇒ see Table 10-3 for conditions

3. Boundary Layer Flow Over a Sphere, Isothermal (UWT)

For flow over an isothermal sphere of diameter D

NuD = S∗
D + 0.4 Re

1/2
D + 0.06 Re

2/3
D Pr0.4

(
µ∞

µw

)1/4

⇒

average, UWT,

0.7 ≤ Pr ≤ 380

3.5 < ReD < 80, 000

1.0 < µ∞/µw < 3.2

where the diffusive term at ReD → 0 is

S∗
D = 2

and the dynamic viscosity of the fluid in the bulk flow, µ∞ is based on T∞ and the dynamic
viscosity of the fluid at the surface, µw, is based on Tw. All other properties are based on
Tf .

Internal Flow

Lets consider fluid flow in a duct bounded by a wall that is at a different temperature than
the fluid. For simplicity we will examine a round tube of diameter D as shown below

The velocity profile across the tube changes from U = 0 at the wall to a maximum value
along the center line. The average velocity, obtained by integrating this velocity profile, is

9



called the mean velocity and is given as

Um =
1

Ac

∫
Ac

u dA =
ṁ

ρmAc

where the area of the tube is given as Ac = πD2/4 and the fluid density, ρm is evaluated
at Tm.

The Reynolds number is given as

ReD =
UmD

ν

For flow in a tube:

ReD < 2300 laminar flow

2300 < ReD < 4000 transition to turbulent flow

ReD > 4000 turbulent flow

Hydrodynamic (Velocity) Boundary Layer

• the hydrodynamic boundary layer thickness can be approximated as

δ(x) ≈ 5x

(
Umx

ν

)−1/2

=
5x√
Rex

10



Thermal Boundary Layer

• the thermal entry length can be approximated as

Lt ≈ 0.05ReDPrD (laminar flow)

• for turbulent flow Lh ≈ Lt ≈ 10D

1. Laminar Flow in Circular Tubes, Isothermal (UWT) and Isoflux (UWF)

For laminar flow where ReD ≤ 2300

NuD = 3.66 ⇒ fully developed, laminar, UWT, L > Lt & Lh

NuD = 4.36 ⇒ fully developed, laminar, UWF, L > Lt & Lh

NuD = 1.86

(
ReDPrD

L

)1/3 (
µb

µw

)0.4

⇒

developing laminar flow, UWT,

Pr > 0.5

L < Lh or L < Lt

For non-circular tubes the hydraulic diameter, Dh = 4Ac/P can be used in conjunction
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with Table 10-4 to determine the Reynolds number and in turn the Nusselt number.

In all cases the fluid properties are evaluated at the mean fluid temperature given as

Tmean =
1

2
(Tm,in + Tm,out)

except for µw which is evaluated at the wall temperature, Tw.

2. Turbulent Flow in Circular Tubes, Isothermal (UWT) and Isoflux (UWF)

For turbulent flow where ReD ≥ 2300 the Dittus-Bouler equation (Eq. 10-76) can be used

NuD = 0.023 Re0.8
D Prn ⇒

turbulent flow, UWT or UWF,

0.7 ≤ Pr ≤ 160

ReD > 2, 300

n = 0.4 heating

n = 0.3 cooling

For non-circular tubes, again we can use the hydraulic diameter, Dh = 4Ac/P to determine
both the Reynolds and the Nusselt numbers.

In all cases the fluid properties are evaluated at the mean fluid temperature given as

Tmean =
1

2
(Tm,in + Tm,out)
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Natural Convection

What Drives Natural Convection?

• fluid flow is driven by the effects of buoyancy

• therefore a fluid layer adjacent to a surface will become lighter if heated and heavier if
cooled by the surface

In natural convection, we do not have a Reynolds number but we have an analogous dimen-
sionless group called the Grashof number

Gr =
buouancy force

viscous force
=

gβ(Tw − T∞)L3

ν2

where

g = gravitational acceleration, m/s2

β = volumetric expansion coefficient, β ≡ 1/T (T is ambient temp. in K)

Tw = wall temperature, K

T∞ = ambient temperature, K

L = characteristic length, m

ν = kinematic viscosity, m2/s

13



Natural Convection Over Surfaces

• the velocity and temperature profiles within a boundary layer formed on a vertical
plate in a stationary fluid looks as follows:

• note that unlike forced convection, the velocity at the edge of the boundary layer goes
to zero

Natural Convection Heat Transfer Correlations

The general form of the Nusselt number for natural convection is as follows:

Nu = f(Gr, Pr) ≡ CRamPrn where Ra = Gr · Pr

1. Laminar Flow Over a Vertical Plate, Isothermal (UWT)

The general form of the Nusselt number is given as

NuL =
hL
kf

= C


gβ(Tw − T∞)L3

ν2︸ ︷︷ ︸
≡Gr




1/4 
 ν

α︸︷︷︸
≡P r




1/4

= C Gr
1/4
L Pr1/4︸ ︷︷ ︸
Ra1/4
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where

RaL = GrLPr =
gβ(Tw − T∞)L3

αν

for gases β = 1/T∞, (1/K).

The correlation equation for UWT with a vertical plate and laminar flow is

NuL =
0.67 Ra

1/4
L

[1 + (0.5/Pr)9/16]4/9
⇒

average, UWT,

0 ≤ Pr ≤ ∞
104 < GrL < 108

2. Laminar Flow Over a Long Horizontal Circular Cylinder, Isothermal (UWT)

The general boundary layer correlation is

NuD =
hD

kf

= C


gβ(Tw − T∞)D3

ν2︸ ︷︷ ︸
≡Gr




1/4 
 ν

α︸︷︷︸
≡P r




1/4

= C Gr
1/4
D Pr1/4︸ ︷︷ ︸
Ra

1/4
D

where

RaD = GrDPr =
gβ(Tw − T∞)L3

αν

Natural Convection From Plate Fin Heat Sinks

Plate fin heat sinks are often used in natural convection to increase the heat transfer surface
are and in turn reduce the boundary layer resistance

R ↓=
1

hA ↑

15



A basic optimization of the fin spacing can be obtained as follows:

Q̇ = hA(Tw − T∞)

where the fins are assumed to be isothermal and the surface area is 2nHL, with the area
of the fin edges ignored.

For isothermal fins with t < S

Sopt = 2.714

(
L

Ra1/4

)

with

Ra =
gβ(Tw − T∞L3

ν2

The corresponding value of the heat transfer coefficient is

h = 1.31k/Sopt

All fluid properties are evaluated at the film temperature.
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Radiation Heat Transfer

Reading Problems
12-1 → 12-8 12-19, 12-29, 12-33, 12-47, 12-48, 12-58, 12-67,

12-76, 12-79, 12-83, 12-105

Introduction

Radiation is a photon emission that occurs when electrons change orbit. Thermal radiation
occurs when the excitation is caused by heating.

How does the sun’s energy travel to earth through a nearly perfect vacuum? Both conduction
and convection required particle motion to produce heat transfer. The answer is radiation.

It should be readily apparent that radiation heat transfer calculations required several ad-
ditional considerations in addition to those of conduction and convection, i.e.

• optical aspects: the manner in which an emitting body “sees” its neighbors

• surface conditions

The following figure shows the relatively narrow band occupied by thermal radiation.
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Blackbody Radiation

A blackbody is an ideal radiator that

• absorbs all incident radiation regardless of wavelength and direction

• at a given temperature and wavelength, no surface can emit more energy than a black-
body

• emitted radiation is a function of wavelength and temperature but is independent of
direction, i.e. a black body is a diffuse emitter (independent of direction)

Definitions

1. Blackbody emissive power: the radiation emitted by a blackbody per unit time
and per unit surface area

Eb = σ T 4 [W/m2] ⇐ Stefan-Boltzmann law

where

σ = Stefan-Boltzmann constant = 5.67 × 10−8 W/(m2 · K4)

and the temperature T is given in K.

2. Spectral blackbody emissive power: the amount of radiation energy emitted
by a blackbody per unit surface area and per unit wavelength about the wavelength
λ. The following relationship between emissive power, temperature and wavelength is
known as Plank’s distribution law

Eb,λ =
C1

λ5[exp(C2/λT ) − 1]
[W/(m2 · µm)]

where

C1 = 2πhC2
0 = 3.743 × 108 [W · µm4/m2]

C2 = hC0/K = 1.439 × 104 [µ · K]

K = Boltzmann constant ≡ 1.3805 × 10−23 [J/K]

h = Plank′s constant ≡ 6.63 × 10−34 [J · s]

Eb,λ = energy of radiation in the wavelength

band dλ per unit area and time
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If we integrate the spectral emissive power between dλ = λ2 − λ1 we will obtain the
blackbody emissive power given as Eb(T ) = σT 4.

The wavelength at which the peak emissive power occurs for a given temperature can
be obtained from Wien’s displacement law

(λT )max power = 2897.8 µm · K

3. Blackbody radiation function: the fraction of radiation emitted from a blackbody
at temperature, T in the wavelength band λ = 0 → λ

f0→λ =

∫ λ

0
Eb,λ(T ) dλ∫ ∞

0
Eb,λ(T ) dλ

=

∫ λ

0

C1

λ5[exp(C2/λT ) − 1]

σT 4

f0→λ =

∫ λ

0

C1T
5(1/T )dt

t5[exp(C2/t) − 1]

σT 4
=

C1

σ

∫ λT

0

dt

t5[exp(C2/t) − 1]
= f(λT )

f0→λ is tabulated as a function λT in Table 12.2

We can easily find the fraction of radiation emitted by a blackbody at temperature T
over a discrete wavelength band as

fλ1→λ2 = f(λ2T ) − f(λ1T )

fλ→∞ = 1 − f0→λ
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Radiation Properties of Real Surfaces

The thermal radiation emitted by a real surface is a function of surface temperature, T ,
wavelength, λ, direction and surface properties.

Eλ = f(T, λ, direction, surface properties) ⇒ spectral emissive power

while for a blackbody, the radiation was only a function of temperature and wavelength

Eb,λ = f(T, λ) → diffuse emitter ⇒ independent of direction

The following figure gives a comparison of the emissive power profile for a real surface and
a blackbody.

Definitions

1. Emissivity: defined as the ratio of radiation emitted by a surface to the radiation
emitted by a blackbody at the same surface temperature.

ε(T ) =
radiation emitted by surface at temperature T

radiation emitted by a black surface at T

=

∫ ∞

0
Eλ(T ) dλ∫ ∞

0
Ebλ(T ) dλ

=

∫ ∞

0
ελ(T )Ebλ(T ) dλ

Eb(T )
=

E(T )

σT 4
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where ε changes rather quickly with surface temperature.

2. Diffuse surface: properties are independent of direction.

3. Gray surface: properties are independent of wavelength.

4. Irradiation, G: the radiation energy incident on a surface per unit area and per
unit time

An energy balance based on incident radiation gives

G = ρG + αG + τG

If we normalize with respect to the total irradiation

α + ρ + τ = 1

In general ε �= α. However, for a diffuse-gray surface (properties are independent of
wavelength and direction)

ε = α diffuse-gray surface

These unsubscripted values of α, ρ and τ represent the average properties, i.e. due to
incident radiation energy from all directions over a hemispherical space and including
all wavelengths.

5. Radiosity, J : the total radiation energy leaving a surface per unit area and per unit
time.
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For a surface that is gray and opaque, i.e. ε = α and α + ρ = 1, the radiosity is
given as

J = radiation emitted by the surface + radiation reflected by the surface

= ε Eb + ρG

= εσT 4 + ρG

Since ρ = 0 for a blackbody, the radiosity of a blackbody is

J = σT 4

Diffuse-Gray Surfaces, ε = α

Kirchhoff’s Law

The absorptivity, α(λ, T, direction) of a non-black surface is always equal to the emissivity,
ε(λ, T, direction) of the same surface when the surface is in thermal equilibrium with the
radiation that impinges on it.

ε(λ, T, φ, θ) = α(λ, T, φ, θ)

To a lesser degree of certainty we can write a more restrictive form of Kirchoff’s law for
diffuse-gray surfaces where

ε(T ) = α(T )

While Kirchoff’s law requires that the radiant source and the surface be in thermal equilib-
rium, this is seldom the case. The law can still be used but you should proceed with caution
when the two temperatures differ by more than 100 K.
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Solar Radiation

The incident radiation energy reaching the earth’s atmosphere is known as the solar constant,
Gs and has a value of

Gs = 1353 W/m2

View Factor (Shape Factor, Configuration Factor)

• the radiative exchange between surfaces clearly depends on how well the surfaces “see”
one another. This information is provided by using shape factors (or view factors or
configuration factors).

• Definition: The view factor, Fi→j is defined as the fraction of radiation leaving
surface i which is intercepted by surface j. Hence

Fi→j =
Q̇i→j

AiJi

=
radiation reaching j

radiation reaching i

• consider 2 surfaces with arbitrary size and configuration with respect to one another,
which are diffuse surfaces.

It can be shown that

Fi→j =
1

Ai

∫
Ai

∫
Aj

cos θi cos θj

πR2
dAidAj
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This is purely a geometrical property.

It is also found that

Fj→i =
1

Aj

∫
Ai

∫
Aj

cos θi cos θj

πR2
dAidAj

The last two equations show that

AiFi→j = AjFj→i

This is called the reciprocity relation.

• consider an enclosure with N surfaces

Since this is an enclosure, the energy leaving a given surface is intercepted by the
remaining surfaces in proportion to how well they “see” that surface. For example:

A1J1 = Q̇1→1 + Q̇1→2 + . . . + Q̇1→N
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Therefore

1 =
N∑

j=1


Q̇i→j

AiJi


 =

N∑
j=1

Fi→j

Hence

N∑
j=1

Fi→j = 1 ; i = 1, 2, . . . , N

This is called the summation rule.

Note that Fi→i �= 0 for a concave surface. For a plane or convex surface Fi→i = 0.

Radiation Exchange Between Diffuse-Gray Surfaces
Forming an Enclosure

We will assume that:

1. each surface of the enclosure is isothermal

2. radiosity, Ji, and irradiation, Gi are uniform over each surface

3. the surfaces are opaque (τi = 0) and diffuse-gray (αi = εi)

4. the cavity is filled with a fluid which does not participate in the radiative exchange
process

• an energy balance on the i′th surface gives:

Q̇i = q̇iAi = Ai(Ji − Gi)
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Q̇i = Ai(Ei − αiGi) (1)

Ji = Ei + ρiGi (2)

Ei = εiEb,i = εiσT 4
i (3)

ρi = 1 − αi = 1 − εi (4) ⇒ since αi + ρi + τi↗0= 1

and αi = εi

Combining Eqs. 2, 3 and 4 gives

Ji = εiEb,i + (1 − εi)Gi

Combining this with Eq. 1 gives

Qi =
Eb,i − Ji(
1 − εi

εiAi

) ≡ potential difference

surface resistance

This surface resistance represents real surface behavior as opposed to a blackbody
surface. Recall that for a blackbody εi = αi = 1 and Ji = E1 = Eb,i = σT 4

i .

• next consider radiative exchange between the surfaces.

By inspection it is clearly seen that

{
irradiation on

surface i

}
=

{
radiation leaving the
remaining surfaces

}
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AiGi =
N∑

j=1

Fj→i(AjJj) =
N∑

j=1

AiFi→jJi

Therefore

Gi =
N∑

j=1

Fi→jJj

Combining this with Eqs. 2 - 4 gives

Ji = εiσT 4
i + (1 − εi)

N∑
j=1

Fi→jJj

In addition we can write

Q̇i = AiJi −
N∑

j=1

AiFi→jJj

Since the summation rule states
N∑

j=1

Fi→j = 1, the above equation becomes

Q̇i = Ai




N∑
j=1

Fi→jJi −
N∑

j=1

Fi→jJj




Q̇i =
N∑

j=1

AiFi→j(Ji − Jj) =
N∑

j=1

Q̇i→j

or

Q̇i =
N∑

j=1

Ji − Jj(
1

AiFi→j

) ≡ potential difference

configuration resistance
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Some very useful consequences of this equation are given below.

Special Diffuse, gray, two-surface enclosures

Large (infinite) Parallel Plates
A1 = A2 = A

F1→2 = 1
Q̇12 =

Aσ(T 4
1 − T 4

2 )

1

ε1

+
1

ε2

− 1

Long (infinite) Concentric Cylinders

A1

A2

=
r1

r2

F1→2 = 1

Q̇12 =
Aσ(T 4

1 − T 4
2 )

1

ε1

+
1 − ε2

ε2

(
r1

r2

)

Concentric Spheres

A1

A2

=
r2
1

r2
2

F1→2 = 1

Q̇12 =
Aσ(T 4

1 − T 4
2 )

1

ε1

+
1 − ε2

ε2

(
r1

r2

)2

Small Convex Object in a Large Cavity

A1

A2

= 0

F1→2 = 1

Q̇12 = σA1ε1(T
4
1 − T 4

2 )
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Cooling of Electronic Equipment

Reading Problems
14-3, 14-6 → 14-9 14-52, 14-55, 14-64

Introduction

Why should we worry about the thermal behavior of electronic equipment?

• a standard Intel Pentium 4 chip is:

– 10.4 mm × 10.4 mm

– contains millions of electronic components

– dissipates approximately 75 watts of power

– is restricted to a maximum temperature of 85 ◦C

This does not seem like a big deal. A 100 W light bulb dissipates more power than
this.

• the heat flux at the surface on a chip is exceedingly high
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• this is primarily because of the miniaturization of electronic devices in order to maxi-
mize signal processing speed

• if we track the evolution of Intel processors over the course of the past several decades
we see a pattern which is expected to continue for the next several years

• the following figure puts the magnitude of this heat flux into perspective

• the problem is further compounded by the fact that a maximum operating temperature
of approximately 85 − 100 ◦C is necessary in order to ensure long term reliable
operation

• failure rate increases dramatically as operating temperatures rise above 100 ◦C
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• electronic cooling presents a significant challenge to design engineers

• is the problem expected to get better anytime soon? not likely. By 2007, Intel expects
to have 1 billion transistors/chip! with power dissipation of more that 100 W
and heat fluxes of order 1000 W/m2.

Therefore we must deal with the problem with engineering solutions that necessitate a good
understanding of all forms of heat transfer.
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